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Modeling Uncertainty of Elliptic Partial Differential Equationsvia Generalized
Polynomial Chaos
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ABSTRACT
Wepresentageneralizedpolynomialchaosalgorithmto solve theelliptic boundaryvalueproblems

sujectto stochasticuncertaininputs. In particularwe focuson the solution of the Poissonequation
with randomdiffusivity and forcing. The stochasticinput andsolutionare representedspectrallyby
employing the orthogonalpolynomial functionalsfrom the Askey scheme,asa generalizationof the
original polynomialchaosideaof Wiener(1938).A Galerkinprojectionin randomspaceis appliedto
satisfytheequationsin weakform. Theresultingsetof deterministicequationsis solvediteratively by a
blockGauss-Seideltechnique.Bothdiscreteandcontinuousstochasticdistributionsareconsideredand
convergenceis demonstratedfor modelproblems.

Keywords: uncertainty, randomdiffusion,polynomialchaos

INTRODUCTION
The objective of this paperis to give a broadalgorithmic framework to solve stochastic

elliptic partial differential equationsbasedon the generalizedpolynomial chaosexpansion.
Theclassof problemswe solve hastheform

GIHKJMLON�PRQTS0U�V�HXWYPRQTS0U�V	Z\[^]"PRQTS0U�V`_aPRQTS0U�Vcbedgfeh
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where
d

is aboundeddomainin p�q ( r

[Ks�_ut(_uv

) and
h

is aprobabilityspace.
]

,
j

and
N

arep -
valuesfunctionson

dwfxh

. Thiscanbeconsideredasamodelof steadystatediffusionproblems
subjectto internal (diffusivity

N

) and/orexternal (sourceterm
]

and/orDirichlet boundary
condition

j

) uncertainties. Similar problemshave beenconsideredand their mathematical
propertiesstudied(Babuyska 1961;B zecusandCozzarelli1976;Debetal. 2000).

In this paper, we solve the steadystatediffusion problem(1) by generalizedpolynomial
chaosexpansion.Thegeneralizedpolynomialchaosis ageneralizationof theclassicalpolyno-
mial chaos,which is basedon thetheoryof Wiener(Wiener1938),andwasappliedto various
practicalproblemsin mechanicsby Ghanem& Spanos(GhanemandSpanos1991).

Thekey ingredientof thechaosexpansionis to approximatetherandomprocessby acom-
pleteandorthogonalpolynomialbasisin termsof randomvariables.A second-orderrandom
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where ���

P��!V

denotesthe generalized polynomialchaosof order � in termsof the multi-
dimensionalrandomvariables

� [ P���� _������ _��
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. The expansionbases�

����� aremulti-
dimensionalhypergeometricpolynomialsde�ned astensor-productsof thecorrespondingone-
dimensionalpolynomialbases.The orthogonalpolynomialsinvolved in generalizedpolyno-
mial chaosarelistedin table1, togetherwith theircorrespondingunderlyingrandomvariables.
Thesepolynomialsbelongto theclassof Askey scheme(Askey andWilson 1985). Theclas-
sicalpolynomialchaos,which employs ���� "!$#&%�� polynomialsin termsof '

	

W
()(
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� random
variables,is a subsetof thegeneralizedpolynomialchaos.For a detailedaccountof thegen-
eralizedpolynomial chaosand their applications,see(Xiu and Karniadakis2001; Xiu and
Karniadakis2002;Xiu etal. 2002).

TABLE 1. Correspondence of the or thogonal pol ynomials and random variab les
for diff erent Aske y-chaos ( *,+.- is a �nite integ er).

Randomvariables/ Orthogonalpolynomials0�1
243 Support

Continuous Gaussian Hermite 5&687:9;7=<

Gamma Laguerre > ?@9;7=<

Beta Jacobi > A49CBCD

Uniform Legendre > A49;BCD

Discrete Poisson Charlier 0E?�9GF�9CH�9GIGIJI;3

Binomial Krawtchouk 0�?@9GFK9JIGIJI�9MLN3

NegativeBinomial Meixner 0�?@9GF�9CHO9JIGIJI;3

Hypergeometric Hahn 0�?�9JFK9JIGIGI�9CLN3

ALGORITHM
By applyingthechaosexpansion,weexpandthevariablesas
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wherewe have replacedthe in�nite summationof

�

in in�nite dimensionsin equation(2) by
a truncated�nite-term summationof �
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dimensionality� of
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is determinedby therandominputs.By substitutingtheexpansioninto
governingequation(1) andconductingaGalerkinprojectionontoeachpolynomialbasis�
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The coef�cients �
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d can be evaluatedanalytically from the
de�nition of �
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.
Equation(4) is a setof
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� elliptic partialdifferentialequa-
tions. They can be discretizedby any conventionalmethod. In this paperwe employ the
spectral/
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elementmethod(KarniadakisandSherwin1999). Thetotal numberof equations
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Equation(4) is solvedby theblockGauss-Seideliteration:for all
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wherethesuperscript� denotestheiterationnumber. Theconvergencecriterionis de�ned as
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where � is a small positive number. In this paperthe �

�

norm for
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is usedand � is
s
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. For all the resultswe presenthere,the block Gauss-Seideliterationnormally
convergeswithin 10steps.

NUMERICAL RESULTS
In thissectionwepresentnumericalresults.Amongthetypesof chaosexpansionslistedin

table1,wechooseonecontinuouschaos:Jacobi-chaos;andonediscretechaos:Charlier-chaos
for demonstrationpurposes.

One-DimensionalModel Problem
Considerthefollowing problem
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with boundaryconditions
WiP
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. Therandomdiffusivity hastheform
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The `mean-square'error of the
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th-orderchaosexpansionsolution
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is computedas
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, where
1

denotesthe`expectation'operator.
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randomvariablewith probabilitydensityfunction
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where
A

P89 _<;iV [���P89YV���P ;iV<���xP89:^ ;iV

is theBetafunction. The correspondinggeneralized
polynomialchaosis theJacobi-chaos(table1). On theleft of �gure 1 themean-squareconver-
genceof theJacobi-chaossolutionis shown with differentstandarddeviation � of theinput. It
canbe seenon thesemi-logscalethat theJacobi-chaossolutionconvergesexponentiallyfast
astheexpansionorder

�

increases.Theexponentialconvergencerateis retainedfor largeinput
uncertaintysuchas �

[
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, whichis closeto thelimit of theexistenceof thesolution( �
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we employ the Charlier-chaos(table1). The exponentialconvergenceof the Charlier-chaos
expansionis shown on theright of �gure 1 for two differentvaluesof theparameter
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FIG. 1. Convergence of Aske y-chaos for the one-dimensional model problem;
Left: Jacobi-c haos and beta distrib ution, Right: Charlier -chaos and Poisson
distrib ution.

Two-DimensionalModel Problem
In thissectionwe considerthetwo-dimensionalproblem
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with boundaryconditions

WYP

�

s�_�
FS0U�V [Ks�_

l!W

l!Q

P�s�_�
 S0U�V�[

-

_ WYPRQT_

�

s�S0U�V�[

-

_

l!W

l



PRQT_ s�S0U�V [

-

�

Thediffusivity
NTPRQT_�
FS0U�V

andsourceterm
]"PRQ�_�
 S0U�V

arestochasticprocesseswith mean�elds
�

NTPRQ�_�
 S0U�Vc[ s

and
�

]YPRQT_�
FS0U�V [

- , andcorrelationfunctionsin theform of �

P

 

Vx[�� ���$����� ���

,
where

� �

is themodi�ed Besselfunctionof thesecondkind with order
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scalesasthecor-
relation lengthand  is the distancebetweentwo points. It hasbeenshown that this is the
`elementary'correlationfunctionin two dimensions(Whittle 1954).TheKarhunen-Loeve de-
composition(Lo�eve 1977)is appliedto thecorrelationfunction to reducethe dimensionality
in the randomspace.The �rst four eigenmodesareemployed from the Karhunen-Loeve de-
composition,which resultsin a four-dimensional( �
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) chaosexpansion.For computational
simplicity, we further arrsum
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discretization,an arrayof �

f

� elementsareusedandsixth-order(Jacobi)polynomialsare
employedin eachelement.In randomspace,third-order(

� [^v

) chaosexpansionis used.The
totalnumberof expansiontermsis then

v

� (seeequation(5)). Numericalresultsshow thatthis
is suf�cient to resolve theproblemin bothphysicalspaceandrandomspace.TheMonteCarlo
simulationsareconductedto validatethechaossolution.
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and
]"PRQ�_�
 S0U�V

arerandom�elds with uniformdistribution,with
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. The solutionpro�les along the horizontalcenterlinethroughthe domain
areshown in �gure 2 and�gure 3, for meanandvariancepro�les, respectively. A noticeable
differencebetweenthe stochasticmeanpro�le and the deterministicpro�le is observed. It
canbe seenthat the Monte Carlo solutionconvergesto the chaossolutionasthe numberof
realizationsincreases.Goodagreementis obtainedwith �"-

_

-O-O- realizations.
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FIG. 2. Two-dimensional model problem: unif orm random distrib ution and
Legendre-c haos; Left: Mean solution along the horizontal centerline , Right:
Close-up view.
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FIG. 3. Two-dimensional model problem: unif orm random distrib ution and
Legendre-c haos; Left: Variance along the horizontal centerline , Right: Close-
up view.

Next we assumethe
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arePoissonprocesses,with ���
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in (11). The solutionpro�les of the meanandvariancealongthe horizontal
centerlineareshown in �gure 4 and5, respectively. TheMonteCarlosolutionconvergesto the
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solutionof Charlier-chaos;with
s

-O-

_

-O-O- realizationsweobtaingoodagreement.
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FIG. 4. Two-dimensional model problem: Poisson random distrib ution and
Charlier -chaos; Left: Mean solution along the horizontal centerline , Right:
Close-up view.
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FIG. 5. Two-dimensional model problem: Poisson random distrib ution and
Charlier -chaos; Left: Variance along the horizontal centerline , Right: Close-up
view.

RandomHeat Conduction in a Grooved Channel
In thissectionweconsiderthesteadystateheatconductionin agroovedchannelsubjectto

uncertaintiesin boundaryconditionsanddiffusivity.
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wherethecomputationaldomain
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isarandomvariablewith uniformdistribution. Thediffusivity
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FIG. 6. Schematic of the domain of the grooved channel

In physicalspace,
s

-

th-orderpolynomialsareemployed within eachof the four elementsas
shown in �gure 6; in randomspace,thethird-orderLegendre-chaosis used.

We considertwo cases:the �rst caseis whenonly thediffusivity
N

is random,while the
boundaryconditionalong

���

is deterministic,i.e.
W��

�
	

[ s

. Again,four-dimensional( �

[��

),
third-orderchaos(

� [ v

) with
v

� expansiontermsis used. In the secondcase,we further
assumetheboundaryconditionalong

���

is randomasin (14),andis independentof therandom
�eld

N

. This introducesonemoredimensionin therandomspaceanda total of 56 expansion
termsareneededfor third-orderchaos;�

[

� ,
� [ v

from (5).
In �gure 7, thecontoursof thestandarddeviationsof thesolutionareplotted.Thesolution

of the �rst caseis shown on the left, while solutionof the secondcaseon the right. In both
cases,thestandarddeviationsof the randominputsare �

[

-

� t

. No noticeabledifferenceis
observed betweenthe meansolutionsof the two cases,andthat of the correspondingdeter-
ministic case.However, thestandarddeviationsof thesolutionsarevery different: theeffect
of uncertaintyin thediffusivity is subdominant(maximumdeviation aboutonly 0.15%). By
introducingtheuncertaintyin boundarycondition,theoutputuncertaintyis greatlyenhanced
in theentiredomain(maximumdeviationabout12%),andits maximummovesfrom thecenter
of thechannelto thelowerwall of thecavity.

SUMMARY
Wehave developedastochasticspectralmethodto modeluncertaintyin steadystatediffu-

sionproblems.Thegeneralizedpolynomialchaosweintroducedis anextensionof theoriginal
chaosideaof Wiener (1938)andof the work of Ghanem& Spanos(1991). It incorporates
differenttypesof chaosexpansioncorrespondingto several importantdistribution functions,
includingsomer�#

(

�

 O� %;� distributions. We have appliedthegeneralizedpolynomialchaosto
the solutionof steadystaterandomdiffusion problems. It is shown for modelproblemthat,
whentheappropriatechaosexpansionis chosen,thegeneralizedpolynomialchaosexpansion
convergesexponentiallyfast, in accordancewith the result of (Xiu and Karniadakis2001).
For morecomplicatedproblems,weobserve goodagreementbetweenthewell-resolvedchaos
expansionsolutionandtheconvergedMonteCarlosimulationresults.For theproblemscon-
sideredhere,thegeneralizedpolynomialchaosexpansionis at leasttwo to threeordersfaster
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FIG. 7. Standar d deviations of heat conduction in the grooved channel; Left:
solution subject to random diffusivity onl y; Right: solution subject to random
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thantheMonteCarlosimulation.
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