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ABSTRACT

We present generalizegolynomialchaosalgorithmto solve the elliptic boundaryalueproblems
sujectto stochasticuncertaininputs. In particularwe focus on the solution of the Poissonequation
with randomdiffusivity andforcing. The stochastidnput and solutionare representedpectrallyby
employing the orthogonalpolynomial functionalsfrom the Askey schemeasa generalizatiorof the
original polynomialchaosideaof Wiener(1938). A Galerkinprojectionin randomspacds appliedto
satisfytheequationsn weakform. Theresultingsetof deterministicequationss solvediteratively by a
block Gauss-Seiddkchnique Both discreteandcontinuousstochastidistributionsareconsideregénd
corvergencas demonstratetbr modelproblems.
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INTRODUCTION

The objectie of this paperis to give a broadalgorithmicframewvork to solve stochastic
elliptic partial differential equationsbasedon the generalizedbolynomial chaosexpansion.
Theclassof problemswe solve hastheform

(1)

where isaboundedlomainin  ( )and isaprobabilityspace. , and are -
valuesfunctionson . Thiscanbeconsideredsa modelof steadystatediffusionproblems
subjectto internal (diffusivity ) and/orexternal (sourceterm and/orDirichlet boundary
condition ) uncertainties. Similar problemshave beenconsideredand their mathematical
propertiestudied(Baluska 1961;BecusandCozzarellil976;Debetal. 2000).

In this paper we solve the steadystatediffusion problem(1) by generalizedbolynomial
chaosaxpansion.Thegeneralizegholynomialchaoss ageneralizatiorof the classicabolyno-
mial chaoswhichis basedn thetheoryof Wiener(Wiener1938),andwasappliedto various
practicalproblemsn mechanicdy Ghanem& Spanog{GhanemandSpanosl991).

Thekey ingredientof thechaosexpansions to approximateherandomprocessy acom-
pleteandorthogonalpolynomialbasisin termsof randomvariables.A second-orderandom
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process canberepresenteds

(2)
where denotesthe genearlized polynomial chaos of order in termsof the multi-
dimensionalrandomvariables . The expansionbases are multi-

dimensionahypegeometrigpolynomialsde ned astensofproductsof thecorrespondingne-
dimensionapolynomialbases.The orthogonalpolynomialsinvolved in generalizedgolyno-
mial chaosarelistedin tablel, togethemwith their correspondinginderlyingrandonmvariables.
Thesepolynomialsbelongto the classof Askey schemdgAskey andWilson 1985). The clas-
sical polynomialchaoswhich employs polynomialsin termsof random
variablesjs a subsebf the generalizegolynomialchaos.For a detailedaccountof the gen-
eralizedpolynomial chaosand their applications,see(Xiu and Karniadakis2001; Xiu and
Karniadakis2002;Xiu etal. 2002).

TABLE 1. Correspondence of the orthogonal polynomials and random variables

for diff erent Askey-chaos ( is a nite integ er).
Randomvariables | Orthogonabpolynomials Support
Continuous Gaussian Hermite
Gamma Laguerre
Beta Jacobi
Uniform Legendre
Discrete Poisson Charlier
Binomial Krawtchouk
Negative Binomial Meixner
Hypergeometric Hahn
ALGORITHM

By applyingthe chaosexpansionwe expandthevariablesas

3)
wherewe have replacedhein nite summationof in in nite dimensionsn equation(2) by
atruncated nite-term summationof in the nite dimensionsof . The

dimensionality of is determinedyy therandominputs. By substitutingthe expansioninto
governingequation(1) andconductinga Galerkinprojectionontoeachpolynomialbasis ,
we obtain

(4)

where



The coefcients and can be evaluatedanalytically from the
de nition of
Equation(4) is a setof coupled elliptic partial differentialequa-
tions. They canbe discretizedby ary corventional method. In this paperwe emplg the
spectral/ elementmethod(Karniadakisand Sherwin1999). The total numberof equations
is determinedy thedimensionalityof thechaosexpansion  andthehighestorder
of thepolynomials

(5)

Equation(4) is solved by the block Gauss-Seidateration:for all ,

(6)

wherethesuperscript denotegheiterationnumber The convergencecriterionis de ned as

(7)

where is a small positve number In this paperthe norm for is usedand is
. For all theresultswe presenthere,the block Gauss-Seiddterationnormally
corvergeswithin 10 steps.

NUMERICAL RESULTS

In this sectiorwe presennumericalesults.Amongthetypesof chaosexpansiondistedin
tablel, we chooseonecontinuoushaos:Jacobi-chaosgandonediscretechaos:Charlierchaos
for demonstratiopurposes.

One-DimensionalModel Problem
Considerthefollowing problem

— — (8)
with boundaryconditions and . Therandomdiffusivity hastheform
, Where is arandomvariable.Theexactsolutionto this problem
is
for
for ©)
The “mean-squareérror of the "-order chaosexpansionsolution is computedas
) , where denoteghe expectation'operator
We rst assume isa randomvariablewith probabilitydensityfunction
(10)




where is the Betafunction. The correspondingyeneralized

polynomialchaosds the Jacobi-chaofablel). Ontheleft of gure 1themean-squareornver

genceof the Jacobi-chaosolutionis shavn with differentstandarddeviation of theinput. It

canbe seenon the semi-logscalethat the Jacobi-chaosolution convergesexponentiallyfast

astheexpansiororder increasesTheexponentialconvergencerateis retainedor largeinput

uncertaintysuchas , whichis closeto thelimit of theexistenceof thesolution( ).
If adiscreterandomvariablewith Poissordistribution

— (11)

we emplgy the Charlierchaos(table1). The exponentialcorvergenceof the Charlierchaos
expansionis shavn ontheright of gure 1 for two differentvaluesof the parameter .
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FIG. 1. Convergence of Askey-chaos for the one-dimensional model problem;
Left: Jacobi-c haos and beta distrib ution, Right: Charlier -chaos and Poisson
distrib ution.

Two-DimensionalModel Problem
In this sectionwe considerthetwo-dimensionaproblem

12)

with boundaryconditions

Thediffusivity andsourceterm arestochastiprocessewith mean elds
and , andcorrelationfunctionsin the form of - -,
where isthemodi ed Besselfunctionof the secondkind with order , scalesasthecor
relationlengthand is the distancebetweentwo points. It hasbeenshavn that this is the
“elementary'correlationfunctionin two dimensiongWhittle 1954). The Karhunen-Loee de-
composition(Loeve 1977)is appliedto the correlationfunction to reducethe dimensionality
in therandomspace.The rst four eigenmodesre emplg/ed from the Karhunen-Loee de-
compositionwhichresultsin afour-dimensional ) chaosaxpansion.For computational
simplicity, we furtherarrsum and fully cross-correlatedFor spatialspectral/ element
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discretization,an array of elementsare usedand sixth-order(Jacobi)polynomialsare
emplo/edin eachelement.n randomspacethird-order( ) chaosexpansionis used.The
total numberof expansiontermsisthen  (seeequation(5)). Numericalresultsshav thatthis
is sufcient to resole the problemin bothphysicalspaceandrandomspace.The Monte Carlo
simulationsareconductedo validatethe chaossolution.
We rst assume and arerandom elds with uniformdistribution, with
The solution pro les along the horizontalcenterlinethroughthe domain
areshavn in gure 2 and gure 3, for meanandvariancepro les, respectiely. A noticeable
differencebetweenthe stochastiomeanpro le andthe deterministicpro le is obsered. It
canbe seenthat the Monte Carlo solution corvergesto the chaossolutionasthe numberof

realizationgncreasesGoodagreemenis obtainedwith realizations.
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FIG. 2. Two-dimensional model problem: uniform random distrib ution and
Legendre-c haos; Left: Mean solution along the horizontal centerline , Right:
Close-up view.
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FIG. 3. Two-dimensional model problem: uniform random distrib ution and
Legendre-c haos; Left: Variance along the horizontal centerline , Right: Close-
up view.

Next we assumehe and are Poissonprocessesyith
and in (11). The solutionpro les of the meanandvariancealongthe horizontal
centerlineareshavn in gure 4 and5, respectiely. TheMonte Carlosolutioncorvergesto the
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solutionof Charlierchaos;with realizationsve obtaingoodagreement.
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FIG. 4. Two-dimensional model problem: Poisson random distrib ution and
Charlier -chaos; Left: Mean solution along the horizontal centerline , Right:
Close-up view.
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FIG. 5. Two-dimensional model problem: Poisson random distrib ution and
Charlier -chaos; Left: Variance along the horizontal centerline , Right: Close-up
view.

Random Heat Conduction in a Grooved Channel
In this sectionwe considetthe steadystateheatconductionin agrooved channekubjectto
uncertaintiesn boundaryconditionsanddiffusivity.

(13)

wherethe computationalomain is shavnin gure 6. Theboundaryconditionsare
— (14)

where isarandomvariablewith uniformdistribution. Thediffusivity isauniformly
distributedrandom eld, with mean eld andthe Besselcorrelationfunction.
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FIG. 6. Schematic of the domain of the grooved channel

In physicalspace, ™M-orderpolynomialsare emplo/ed within eachof the four elementsas
shavnin gure 6;in randomspacethethird-orderLegendre-chaois used.

We considertwo cases:ithe rst caseis whenonly the diffusivity  is random,while the
boundaryconditionalong is deterministicj.e. . Again,four-dimensional ),
third-orderchaos( ) with  expansiontermsis used. In the secondcase,we further
assuméheboundaryconditionalong  israndomasin (14),andisindependentf therandom
eld . Thisintroducesonemoredimensionin the randomspaceanda total of 56 expansion
termsareneededor third-orderchaos; , from (5).

In gure 7, thecontoursof the standardieviationsof the solutionareplotted. Thesolution
of the rst caseis shavn on the left, while solutionof the secondcaseon theright. In both
casesthe standarddeviationsof the randominputsare . No noticeabledifferenceis
obsered betweenthe meansolutionsof the two casesandthat of the correspondingleter
ministic case.However, the standarddeviationsof the solutionsare very different: the effect
of uncertaintyin the diffusivity is subdominan{fmaximumdeviation aboutonly 0.15%). By
introducingthe uncertaintyin boundarycondition,the outputuncertaintyis greatlyenhanced
in theentiredomain(maximumdeviation about12%),andits maximummovesfrom thecenter
of thechannelo the lowerwall of the cavity.

SUMMARY
We have developeda stochastispectramethodto modeluncertaintyin steadystatediffu-

sionproblems.Thegeneralizegbolynomialchaoswe introduceds anextensionof theoriginal
chaosidea of Wiener (1938)and of the work of Ghanem& Spanoq1991). It incorporates
differenttypesof chaosexpansioncorrespondindo several importantdistribution functions,
includingsome distributions. We have appliedthe generalizegpolynomialchaosto
the solutionof steadystaterandomdiffusion problems. It is shavn for modelproblemthat,
whenthe appropriatechaosexpansionis chosenthe generalizegolynomialchaosexpansion
corverges exponentiallyfast, in accordancevith the resultof (Xiu and Karniadakis2001).
For morecomplicatedbroblemswe obsere goodagreemenbetweerthewell-resohed chaos
expansionsolutionandthe cornverged Monte Carlo simulationresults. For the problemscon-
sideredhere,the generalizegolynomialchaosexpansionis at leasttwo to threeordersfaster
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FIG. 7. Standard deviations of heat conduction in the grooved channel; Left:
solution subject to random diffusivity only; Right: solution subject to random
diffusivity and random boundar y conditions.

thanthe Monte Carlosimulation.
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