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3.4.1 Random Vector Simulation

I Introduction

Utilization of Monte Carlo simulation techniques
in structural dynamics and more generally in any
domains implies that digitally generated samples
of a given phenomenon are used as inputs to a
given system in order to construct various output
estimates. Uncertain parameter systems in which
correlated random variables are introduced in or-
der to model uncertainties are an example where
random vectors have to be generated. Karhunen-
Loeve expansion of nonGaussian processes is an-
other example. In practice, there exist various ef-
fective mathematical results which assess the exis-
tence of simulation algorithms. The fundamental
simulation result is given by the following theorem
[Bouleau 1994]:

Theorem 1 Let j1 a probability measure on (E,E)
where E is a polish space and &£ the associate
Borel o-field. There exists a borel function f on
[0,1]°,s € N'whose discontinuity points form a

!Gection 3.4.1. is contributed by Fabrice Poiroin

Lebesgue negligible set such that f is bounded out-
side a neighborhood of (0,...,0) and such that the
law of the random wvariable f is u:

fx(dz) = p (1)

The proof of this result yields the effective inverse
transform method where a random variable X,
with cumulative probability distribution Fx(z) is
generated using relation

X =Fy'(U) (2)

where U is a [0, 1] uniformly distributed random
variable. Although this relation is conceptually
very simple, its practical utilization is limited to
the case where the inverse function Fy(z)™! can
be constructed. Consequently, this method is im-
practical for random vectors. There exit many
references on simulation methods for scalar ran-
dom variables, Devroye’s book [Devroye 1986] con-
tains an exhaustive collection of methods. Various
methods can also be found in the literature for
generating multivariate random variables, [Dag-
punar 1988, Johnson 1987, Rubinstein 1981], but
the computational time aspect of such methods is
seldom addressed. This short note will attempt to
give some informations on the effectiveness of ran-
dom vectors (dependent random variables) simula-
tion methods, (results concerning computing time
being, of course, relevant to actual computer tech-

nology).

Effective simulation methods for random
vectors

Two main general methods can be utilized to gen-
erate general multivariate distributions, the condi-
tional distribution approach and the rejection ap-
proach. Both methods have advantages and draw-
backs.



method if all the conditional distributions of the
initial multivariate distribution are known. More
precisely, let V' = (Vi,...,V,) a random vector
with multivariate distribution ®(¢1,...,%,). Then
the following relation holds:

D(t1,t2,. .., tn) = P1(t1) X Pa(taft1) x

o X D (tplty, .y tee1)  (3)
where @4 (¢1) is the marginal distribution of V4, and
@y (t|t1, - - -, tg—1) is the conditional distribution of
Vi given Vi =1, ..., Vy_1 = tx_1. The simulation
algorithm is then straightforward and follows from
the following result:

Theorem 2 Let Fy(tglty, ..., tx_1) the cumulative
distribution function of ®,. Let Uy, ..., U, be in-
dependent uniform [0,1] random variables. Then
the vector V.= (Vi,...,V,) solution of

(Vi) =U,
By, (Vo|V1) = Uy
. (4)

Fo(VlVi, ..., Vay) = U,
15 distributed according to ®.

Therefore, the conditional method is conceptually
very simple since it involves only scalar random
variable simulations. The difficulty of the method
lies however in the calculation of each conditional
law which necessitates heavy integral calculations
in R". Moreover, as it was said in the introduction,
the determination of the inverse function F~! can
also necessitate some amount of calculations. As
an illustration, consider the 2-dimensional Gumbel
law:

—x—y—HOzy

fx(z,y;0) = |(1+6zx)(1+0y) —0b|e

Lz>04>00<0<1)s (D)

then the marginal and conditional laws can be eas-
ily ontained:

filz) =e™;
(6)

Foylz) = [(1+ 02)(1 + Oy) — 0] e ¥ +02)

as well as the corresponding cumulative distribu-
tion functions:

Fi(z)=1—-¢7";
(7)

Fylyle) = 1= (14 y)e (+00).

plicitly and a dichotomy algorithm can be used in
order to solve the equation Fy(y|X; = z) = U.
This last step, which has to be performed for each
generated value of X, increases of course the com-
putation time for this particular method. Exten-
sion to higher dimension Gumbel laws is likely im-
practicable.

Rejection is a fairly simple method but necessi-
tates the knowledge of a dominating multivariate
distribution which can be readily generated [De-
vroye 1997]. It is based on the following result :

Theorem 3 Let X be a random vector with a dis-
tribution f on R", and let U be a [0;1] uniform
random variable which is independent of X. Then
the random vector (X, cUf(X)) has an uniform
distribution over A = {(z,u),z € R*,0 < u <
cf(x)}, where ¢ is an arbitrary positive constant.

Reciprocally, if (X,U) is a random vector on
R which has an uniform distribution over A,
then X distribution has a density f on R

The effectiveness of this method for high dimen-
sion random vectors, will be tested on a family
of distributions which has been studied by Luc
Devroye in [Devroye 1997] and for which he pro-
posed a simulation algorithm based on the rejec-
tion method. It is the family of bathymorphous
distribution, given by:

Cnap(z) = C min (1, b — ),
(max? , x;)" H T

=1

Viz; >0,a>0,b>0neN" (8)

The 2-dimension distribution is plotted on figure
1.

Figure 2 shows the evolution of CPU time for
generating a single value of this multivariate ran-
dom variable, for different values of its dimension.
Calculations were performed on an HP worksta-
tion with a 440 Mhz processor. More details on
computation times for this type of multivariate dis-
tributions can be found in [Devroye 1997].

Multivariate normal distribution

Multivariate Gaussian simulation is particular in
the sense that the distribution of a Gaussian vector
X € R” can be represented as a linear transforma-
tion of n independent normal random variables in
Y = (Y3,...,Y,). More precisely, let C' be the co-
variance matrix of X and p = E(X), and consider
a Cholesky decomposition of matrix C: HH' = C,
then

X=HY +pu 9)
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Figure 1. BATHYMORPHOUS distribution d = 2,a =
3,b=1
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Figure 2. CPU time for one simulation of Bathymorphous
random variable

eration of n normal independent random variables.
One has to be aware that this uncorrelating tech-
nique cannot be used for nonGaussian vectors,
even if solely second order statistics are considered.
More precisely, it could be tempting, in order to
simulate the uncorrelated variables (Y;,...,Y,) to
consider them as independent non Gaussian ran-
dom variables. As an illustration, this erroneous
technique was used for the following distribution:

d d
1
Uy(z1,T0,...,2q) = p E z; |exp | — E Z;
i=1 i=1

d=2 (10)

]]'(J“l 20,1‘220,...,$d20)

The following table gives first and second order
moment values, compared to the values obtained
using a rejection method, and highlights the er-
ror which can be obtained using this independency
consideration:

Simulation of random vectors with given
moments

Simulation of random vectors with given moments
is related to the classical moment problem which
can be stated as: given an infinite multiple se-
quence of real numbers

Haias...an 5 O1y; 02,y ...,0p :051:25--', (11)

under what conditions it is possible to determine
a n-dimensional distribution function ® such that

Kajog..on = / 12 % dD(ty, te, - - ty) ;

(12)
yap, =0,1,2, ... (13)
A more complete description of the problem can be
found in [Poirion 2001] A necessary and sufficient
condition that the moment problem shall have a
solution is that

det([uag}ra+ﬁ|:0) >0; r=0,1,2... (14)

Ezamples
For a two-dimensional random variable n =
2,r = 4, the conditions are

1,09, ...

Moo  M10 >0

>0:
Hoo =¥ 10 M20

Hoo HMi0 HMo1 HM11 H20 Ho2
Mo M20 HM11 HMH21 H30 MHi12 (15)
Mo1  Mi1 Moz HMi12 HM21 Mo3 > 0.
M1 Mo1 M12 M22 31 M13 | T
Moo HM30 HM21 H31 M40  H22
Moz  Hi2 Moz HM13 HM22  MHoa




is given in [Devroye 1986]. Concerning the case
of multivariate random variables, the conditional
distribution approach can be used. Consider in a
first step the case of a discrete random vector V'

Ve {(Ujuvjw s 7an)} 5 DPjryesgn =

whose multivariate distribution ® is a solution of
the moment problem 104,

q

— E al,a2 . ,,Qn
:U’aelag...an - Ujl sz v

jn pjl:"',jn ;
J1yeesgn=1

ol <M. (17)
Relation 3 reduces to

with the notation pjk‘jl___jkA P[Vk|V1 =
Vjyyooos Vi g = Ujl.c—l]' Let Vijijs...jx_. be the dis-
crete random variable [Vi|Vi = v;,..., V), , =
vj,_,J- This random variable takes its values in the
set {Vky,. .., Vk, , and its distribution is defined by

the family {pj,jj...ju_>Jk = 1, a}. Let o, i v,
denote the conditional moment E[(Vy;, jo.. 1)

Pjiycsjn = Pjs X Djaljy X

q
=Y U P (19)

Jr=1

Hayji...gk-1

Theorem 4 The scalar random  wvariables
Vijijoodis & = 1,2,... have a distribution
which is solution of a moment problem. Moreover,
their moments are solutions of explicit linear
systems.

Corollary 1 The random wvector V can be gen-
erated numerically by successively simulating n
scalar random wvariables, each one being solution
of a scalar moment problem.

Example

In order to clarify how the conditional moments
are obtained and how the conditional random vec-
tors are generated, the above simulation method is
going to be applied to a two-dimensional example.

Let (Vi, V) a random variable with given mo-
ments fia 5 ; @+ < 4. We will consider the case
of a discrete random variable. The first step is to
generate V;. This discrete scalar random variable
can be generated using the method described in

five moments of V; are given, py0,0 =0,...,4. In
order to use the described method, (and to deal
with square systems), we also fix the fifth-order
moment E(V}?). The random variable V; will there-
fore be described by three atoms {vy1,v129,v13},
and by the attached probability {pi, ps, p3}. The
second step is to generate the conditional random
variable [V3|V]]. There are three random variables,
[V2‘V1 = Ul,l]a [V2|V1 = U1,2]; and [V2|V1 = U1,3]-
Each of these random variable will be generated
using the scalar algorithm based on their moment
values pg);, which are solutions of the following
linear systems:

B=1

D1 pa + P2 fhaj2 + P3 Hag3 = Hoa
Plvl 1M1 +p2U12M1|2 +P3U13M1|3 = M
PLvT g pa + PovTg paje + PsUT s pas = o
(20)
B =2
D1 21 + D2 P22 + D3 H2j3 = o2
p1U1 1 M2 + p2U1 2 Moj2 + p3v1 3M23 = Hi2
PLUT | Hop + DoVT, a2 + D3V 3 Moz = Hag

(21)

B=3
D1 K31 + D2 P32 + D3 U3j3 = Mog3
D1v1,1 p3j1 + Pa¥1,2 M3j2 + P3V1,3 33 = H1,3
P13 B3t + DovT g a2 + D3V s gz = fhas
(22)
p=4
D1 Ma1 + D2 fhaj2 + D3 a3 = MHoa
P11 flan + PaULa a2 + P3Vi3 Haz = fig
1”1 1 Ma1 + pov} 2 Maj2 + p3v} 3 Maz = ,Lt2,zt )
23

In order to deal with linear square systems, sup-
plementary moment values have been added in sys-
tem 22, 1193, and system 23, 11 4 and pg 4.

Finally, once random variable V; has been gen-
erated, one of the three scalar conditional ran-
dom variable has to be generated, depending on V;
value. Going through each stage of thie method, it
is clear that it is not effective as soon as n is greater
than 3. Other approaches such as the one based
on the maximum entropy principle [Jaynes 1957,
Kapur 1992], or orthogonal polynomials [Kennedy
2000] can also be used to simulate a random vari-
able with given moments, but leads, in the scalar
case, to systems of nonlinear equations. Their ex-
tension to vector case seems difficult to apply. In
conclusion, if generating a scalar random variable
is not a numerical problem, the generation of de-
pendent random variables stays a numerical chal-
lenge, closely linked to the computer technology,
as soon as the number of variables is greater than
10.



4 STOCHASTIC STRUCTURAL SYSTEMS

4.1 STOCHASTIC SYSTEM PROPERTIES

4.1.1 Random Eigenvalue Problem

Introduction

Although modern computational facilities allow a
very sophisticated and numerically accurate struc-
tural analysis with very detailed deterministic
models, quite often the predicted results do not
accurately coincide with tests. Furthermore, even
test results of technically identical models subject
to equal loading conditions may vary randomly.
This behavior can be explained, if the unavoid-
able inherent random nature of the structural com-
ponents is taken into account. E.g. for space-
craft structures the randomness of different pa-
rameters has been measured in Aerospatial Re-
port{AEROSPATIAL 1993]. Hence, it would be
desirable to include this information on random
parameters into the analysis. This not only al-
lows for the analysis of a possible range of results,
but the probabilistic description of the results in
terms of distributions can be applied to more so-
phisticated analyses, as e.g. structural reliability
and safety analyses.

However, these thoughts on the influence of ran-
dom parameters on e.g. the eigen-frequencies of
linear models is not new [Soong & Bogdanoff 1963].
Since then various methods have been developed
for treating of randomness as well in loading con-
ditions as for the material properties. Random
variables and random field approaches for the de-
scription of the probabilistic nature of problems
are utilized. Utilizing random field approaches in
combination with the well known Finite Element
analyses is denoted as Stochastic Finite Element
(SFE) analyses (see e.g. [Ghanem & Spanos 1990,
Shinozuka 1988, Vanmarcke 1983]).

This paper is primarily concerned with large lin-
ear dynamic models, typically resulting from finite
element (FE)-models of engineering structures —
i.e. with up to thousands of degrees of freedom —,
the parameters of which contain statistical uncer-
tainty. For the engineering analysis of such large
linear models the solution of the eigenvalue prob-
lem is most advantageous. In the context of pa-
rameter uncertainties, this automatically leads to
random eigenvalue problems. It has been shown
[Székely 1996] that most of the available analyt-
ical methods [Ibrahim 1987] are not suitable for
the analysis of such large engineering structures,
particularly for reliability studies if accurate infor-
mation on the tails of the distribution of the results

On the other hand, numerical methods are avail-
able as well, i.e. Monte Carlo simulation (MCS)
technique. Here, a large number of realizations
of the random parameters are generated based on
their known statistical description and to each re-
alization a result is calculated as in determinis-
tic analysis. Finally the results are examined by
statistical methods. This technique is most ro-
bust and applicable to a large variety of prob-
lems. However, the method is generally compu-
tationally intensive and hence time consuming, es-
pecially if the computation of each realization re-
quires a full FE analysis. One possibility to over-
come this difficulty is to apply variance reduction
techniques such as importance sampling, etc. (see
e.g. [Schuéller, Pradlwarter, & Pandey 1993]).

In this paper different attempts in increasing
the computational efficiency are shown. Instead
of reducing the sampling size, based on the
knowledge of the nature of the problem the
computational effort in each simulation step is
reduced.

Basically there are two fundamental ways to an-
alyze the distribution of eigenvectors and eigenval-
ues of systems with random parameters:

1. Analytical and Semi-Analytical methods,
which take advantage of the stochastic de-
scription of the system. However, they are
not generally applicable and/or limited to
special assumptions, e.g. the generally as-
sumed normal distribution of the results (see
e.g. [Székely 1996]). Hence, these methods
are not appropriate for the analysis of the
type of engineering applications analyzed
here.

2. The generally applicable Numerical Methods,
i.e. Monte Carlo Methods (MCS). However,
already at this point it shall be mentioned
that these methods are very time consuming
in their standard form.

As it is the aim of this paper to derive methods
for the stochastic analysis of structures with ran-
dom properties — as applied in engineering prac-
tice — the second possibility is selected, especially
because of its general applicability.

In the standard form of Monte Carlo methods,
also denoted as direct MCS, ny;,, samples of the
random parameters X are first generated by a ran-
dom number generator according to their stochas-
tic description given by their marginal distribu-
tions and correlation coefficients. Then, within a
simulation loop, the function of the random vari-
ables ¢g(X) is evaluated for each sample X; and
the obtained results Y; = ¢(X;) are stored. Fi-
nally, the results Y, are evaluated by statistical



the results is improved by increasing the number
of samples. However, in the case of linear dynamic

analysis of large structures the eigenvalue solution
of

K¢, = \M ¢, (24)
— with M and K being the mass and stiffness
matrices of the system respectively, ¢, is the i-th
eigenvector and A; the corresponding eigenvalue —
needs to be calculated as well as further calcula-
tions need to be performed for each realization.
Thus, the computation time for accurate results
is very high especially if accuracy in the tails of
the distributions is required. The reduction of the
overall computational effort needed for the analy-
sis is the aim of this study.
There are two ways to accomplish this:

1. “Optimize” the location of the samples, e.g.
by variance reduction techniques such as
Importance and other sampling techniques
[Schuéller & R. 1987]. These methods are es-
pecially useful in the case that a certain re-
gion of the joint probability density function
fx (z) is of major interest, which applies par-
ticularly for the case of reliability analyses.

2. Improve the computational efficiency for each
sample by taking advantage of the numerical
methods used for the analysis of the systems of
interest, which is the aim of this study. It shall
be mentioned, that the methods as shown can
be applied along with the above shown impor-
tance sampling schemes as well.

In the following, the methodology of [Székely, H.J.,
M., & G.I. 1995] is outlined first, denoted as Re-
duction to a General Subspace, which is then com-
pared with the Subspace Iteration Scheme using
converged eigenvectors from previous calculations
in the simulation loop as start vectors for the cur-
rent calculation. These start-vectors shall allow
already a reduction of the computational effort.
Then, a possibility is shown to “sort” or “opti-
mize” the order of the samples such that the dis-
tance in the sample space from one to the next
is reduced. This will again increase the efficiency.
As this in fact represents a combinatorial optimiza-
tion, it is carried out using the Simulated Anneal-
ing method.

An alternative to the accelerated sub-space iter-
ation based on component mode synthesis is pre-
sented next. This procedure is much faster than
the accelerated subspace iteration since no factor-
ization of the stiffness matrix will be required. It
is, however, somewhat less accurate as the first ap-
proach.

In [Székely, H.J., M., & G.I. 1995] a method is
shown, which allows a fast calculation of eigenval-
ues and eigenvectors. The method is based on two
assumptions: First, it is possible to express the in-
fluence of random parameters as a Taylor series,
truncated to linear terms, i.e.

M(X) = M(X)

(X - X, OM
" ;[( OXx; )-aXi‘aXi

+ ..,

(25)

where the overbar denotes the mean value and
o the standard deviation of the random variables
X =[X1X5...X,,,]'. Although, this might lead
to some reduction of computational effort, the ma-
jor part is obtained from the second assumption,
namely: Second, it is possible to reduce the com-
plete random system into the subspace that is
spanned by the first (e.g. 10% of all) modes of
the mean system obtained from

K(X)’Yz' = kiM(X)7; , (26)
where k; and -, are the eigenvalues and eigen-
vectors respectively. Noting the unreduced dis-
placements u and the reduced displacements &, the
transformation would be

u=T¢, (27)

where T' = [y, v, .. | denotes the matrix
of eigenvectors.

Then the eigenvalue problem defined by (24) and
(25) reduces to

: ’YnModes

M{M(XH%

i=1

X, — X; oM
(552 ]

with 1, and \; being the eigenvectors and eigen-
values of the system in the generalized subspace
respectively. Note that the matrices are reduced
by K = I'"KT. Due to the reduced size of the
system, the solution of this system for every real-
ization in fact is faster. The back transformation
into the original space is performed by

(61 &5 Dnyp ] =T
= I‘['l,bl ¢2 .. "lpnModes] ’

® = (29)



unreduced system.

However, it has to be noticed that engineering
sensitivity is needed for the designer to retain the
appropriate amount of modes. Moreover, an a pri-
ori estimation of the error due to this mode trun-
cation is hardly possible. However, looking closer
into this difficulty, a comparison to the subspace
iteration scheme as presented in the following be-
comes obvious.

Extended e et n

ssuming that the eigenvectors are rep-
resentable by a linear combination of the avail-
able modes the eigenvalue problem could
be transformed simply to a -dimensional prob-
lem, where  denotes the number of modes. uch
an approach is e act for a complete set of modes
, or the number of modes  is large and

the random uctuation in the structural matrices

small. n general, however, the subspace spanned
by the truncated set of eigenvectors willdi er
for di erent reali ations, . et be a set of

base vectors which e tends the subspace spanned
by the eigenvectors uch additional
vectors might be establish in a rst step lling the
components by independent random numbers.

his leads to an e tended subspace pro ection of
the eigenvalue problem.

ssuming

and the notations,

the e tendent matrices read

the characteristic e uation, and, moreover be or-
thogonal to the space de ned by the solution of
the reference system.

sing ram- chmidt orthogonali ation the last
condition is easily achieved. imilar as the sub-
space iteration, the e tended subspace will con-
verge to the subspace de ned by the lowest eigen-
vectors.
e te t n e e n t tn
et

nstead of directly reducing the model into a  ed
subspace, as done previously, it is proposed to ap-
ply a usual subspace iteration scheme, as outlined
in athe ilson for each reali ation for
the full model, however with some modi cations
with respect to the starting vectors.

he original subspace iteration is described by
the following steps

arbitrary usually randomly chosen vec-
tors are used as starting vectors of the itera-
tion. hey represent a rst appro imation of
the rst  eigenvectors of the system, stored
in the matri , where
the subscript -th appro ima-
tion.

denotes the

n improved appro imation of the eigenvec-
tors is obtained by solving

for , where denotes the iteration step.

sing the improved appro imation the
mass and sti ness matrices are reduced to the
-th subspace

s the transformations -  correspond to
a linear transformation into a  -dimensional
subspace, also the eigenvalue problem is
transformed to

fter the solution of the eigenvalue problem,
the new base vectors read






























Number of observed DOF

Number of observed DOF

230 ,
220 g
210 M1 > M2 1
200 ,
190 M1 =M2 curve 1
180 ,
Wr—%—% % & 6 7 & 2 )
Number of simulated points x 10
27 ,
M1 > M2
M1 =M2 curve
M1 < M2
26 25 & 5 6 7 8§ %

Number of simulated points x 10






