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Abstract

The sliding block theory was proposed by Newmark for determining the permanent displacement of embankments and dams under

earthquake loading. This paper highlights recent applications of sliding block theory to different geotechnical structures. The equations to

determine seismic factor of safety, yield acceleration and permanent displacement are given for rock block, soil slope, land®ll cover,

geosynthetic-reinforced soil retaining wall, and composite breakwater. The presented equations for seismic stability degenerate to that of

static stability in the absence of earthquake. The permanent displacement for various structures can be obtained from that of a horizontal

sliding block through a correction factor. A simpli®ed procedure is included for the permanent displacement under vertical acceleration. The

sliding block approach is rational for design under high seismic load. q 2001 Elsevier Science Ltd. All rights reserved.
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1. Sliding block theory

Newmark [25] proposed the sliding block theory and illu-

strated its application to embankments and dams under seis-

mic loading. The same theory was proposed by Whitman as

included in a letter submitted by Taylor to the US Army Corps

of Engineers [24]. In the sliding block theory, soil is assumed

to be rigid-plastic and slides along a prescribed planar failure

surface. The earthquake inertia force is assumed pseudo-static

as expressed by a seismic coef®cient, which is a fraction of the

weight of potential sliding soil mass. The yield or critical

acceleration is de®ned for the soil mass at the limit state

where the factor of safety against sliding equal to unity. During

seismic excitation, sliding accumulates whenever this yield

value is exceeded. Newmark suggested that displacement

may be neglected for the reverse acceleration since the yield

value in the reversed direction is typically very large. Thus, a

permanent displacement is evaluated for the soil mass subject

to earthquake acceleration. The momentary failure may or

may not jeopardize the performance of the structure depending

on the acceptable displacement limit.

Newmark theory has been veri®ed to a certain extent in

the mid 1960s. The theory was found valid for the slopes

having a thin layer of sand and subject to seismic shaking

[5,28]. The theory has been proposed for practical design of

earth dam [2,6,23]. The idea of permanent displacement

limit has also been used to design seismically other types

of geotechnical structures, such as retaining walls [26,29].

Despite continued efforts made in improving seismic

design, mainly through pseudo-static analysis with a factor

of safety, deformations ranging from slight displacement to

catastrophic failure have been observed in many earth struc-

tures during major earthquakes. The Northridge and Kobe

earthquakes left over many controversial issues, such as the

seismic coef®cient used in design and the effect of vertical

acceleration. Following Kobe earthquake, a seismic coef®-

cient as large as 0.8 has been proposed in Japan for structures

designed to resist a Level 2 earthquake [9]. For earth struc-

tures, the large seismic coef®cient implies that conventional

pseudo-static design is infeasible if Level 2 design will be

implemented. Therefore, alternate design methodologies are

sought. Koseki et al. [11] proposed a modi®ed procedure to

Mononobe-Okabe analysis for retaining wall design where the

failure plane is determined by the peak frictional angle but the

strength is based on the residual value. On the contrary, perfor-

mance-based design, using permanent displacement, has been

examined by Ling and Leshchinsky [20], among other

researchers, for different earth structures to counter for high

seismic load. The author does notice that several Japanese

authorities, such as those dealing with railway embankment,

retaining walls, and earth dams, are recently pursuing research

in the area of implementing permanent displacement to design

[8].

In this paper, the sliding block theory is examined further

from two perspectives: recent applications to geotechnical

structures and inclusion of vertical acceleration. The applica-

tion of sliding block theory to new emerging geotechnical

structures, including geosynthetic-reinforced soil retaining
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walls and land®ll cover liners, as well as traditional structures,

such as earth and rock slopes, is described.

2. Yield acceleration and permanent displacement

The yield acceleration can best be illustrated by a rigid

block resting on a horizontal plane (Fig. 1). Let W, kh, kv and

f be the weight of the block, horizontal and vertical coef®-

cients of acceleration, and angle of friction between the

block and the plane, respectively. The force equilibrium

equations are assembled to give the traction and normal

force T� khW and N� (1 2 kv)W, respectively. The inter-

face surface friction is governed by Coulomb's law: T�
tanfN. At limit state, coef®cient of yield horizontal accel-

eration is obtained as

khy � �1 2 kv�tanf �1�
Thus, the yield acceleration depends on the friction angle

and the magnitude and direction of vertical acceleration,

which varies with time. In this simple case, the vertical

acceleration that acts upward reduces the yield acceleration.

If kv acts downward, the coef®cient of yield acceleration is

khy � �1 1 kv�tanf �1 0�
If the earthquake acceleration exceeds the yield accelera-

tion of the block, sliding occurs. The equation of motion is

established to give the acceleration of the block. The displa-

cement is obtained by double integrating the acceleration:

x �
ZZ
�kh 2 khy�g´dt �2�

Fig. 2(a) shows typical vertical and horizontal accelera-

tions obtained from Kobe earthquake. The peak horizontal

and vertical accelerations are kho� 0.63 g and kvo� 0.34 g,

respectively. An example is illustrated with f � 20o, where

f is the angle of friction along the direction of motion. A

large frictional resistance in the reverse direction is

assumed. If the vertical acceleration is neglected,

khy� 0.364, else khy varies with time, as indicated in the

Fig. 2(a). Fig. 2(b) shows the relationships between velocity

and displacement for the rigid block. There are a few occa-

sions where earthquake acceleration exceeds the yield

acceleration, thus induces motion. The permanent displace-

ment is calculated as 8.1 cm. By scaling the earthquake

record with different values of peak accelerations, the rela-

tionships between displacement x and kho 2 khy, were deter-

mined numerically and presented in Fig. 3. Consequently,

by estimating the peak acceleration of the earthquake and

knowing the yield acceleration of the block, the permanent

displacement can be determined graphically from Fig. 3 for

given earthquakes.

The sliding block theory may be applied to different fail-

ure mechanisms. In this paper, the applications involve

extending the static analysis to seismic analysis via

pseudo-static approach. The failure of slopes is considered

through two different mechanisms: planar and non-planar

mechanisms. In the planar mechanism, the slidings of rock

block and soil slope are considered. The planar mechanism

involving a two-part wedge is applied to the cover liner of

the land®ll and geosynthetic-reinforced soil retaining wall.

The application of log-spiral mechanism is illustrated

through soil slope. Finally, pseudo-static analysis and slid-

ing block theory are applied to breakwater caisson. In all

cases of application, the yield acceleration and permanent

displacement are discussed.

Two functions, k and u , that are related to seismic coef®-

cients (Fig. 1), will be used in this papers.

k �
������������������
k2

h 1 �1 ^ kv�2
q

�3a�

tanu � kh

1 ^ kv

�3b�

where vertical acceleration may act upward or downward

depending on the formulation. The selection of the direction

of kv is based on the most critical conditions, and will be

discussed for each case of application.

3. Rock wedge stability

The sliding of rock block normally occurs along a well

de®ned plane of weakness, such as joint. The joint plane

may intercept a tension crack with the pore water pressure in

the plane and in the crack (Fig. 4). A factor of safety against

sliding is typically determined for the block [7]. Ling and

Cheng [17] extended Hoek±Bray procedure to seismic

conditions. The notations used by Hoek and Bray are

adopted herewith.

The slope is homogeneous, of height H and with a unit

weight g . The slope face and joint plane are inclined at an

angle (dip) c f and c p, respectively. The cohesion and angle

of friction of the joint plane are c and f , respectively. The

depth of the tension crack and depth of water in it are z, and

zw, respectively. In Fig. 5, W, C, T, U and V are the weight of
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the block, total cohesion and frictional resistance along the

joint plane, pore water resultant force along the plane and in

the tension crack, respectively. The factor of safety under

seismic conditions is obtained in Eq. (4) through four

dimensionless parameters, P', Q', R' and S'.

Fsd �
Q 0cot�Cp 1 u�2 R 0�P 0 1 S 0�
n o

tanf 1
2c

gH
P 0

Q 0 1 R 0S 0cotCp

�4�

where

P 0 �
1 2 z=H

sinCp

k
�5a�

Q 0 � 1 2 �z=H�2
tanCp

2
1

tanC
f

( )
sin�Cp 1 u� �5b�

R 0 �
gw

g

zw

H

k
�5c�

S 0 �
zw

H
sinCp

k
�5d�

Note that the expression Q' above is for the tension crack

located behind the slope face. A list of ®gures were

presented by Ling and Cheng [17] on the dimensionless

parameters for different slope geometries and properties.

In the absence of seismic force, P', Q', R' and S' degenerate

to P, Q, R, and S of Hoek±Bray's equation. Also, for a dry

slope (zw� 0, R'� S'� 0), the seismic factor of safety is

obtained as

Fsd � tanf

tan�Cp 1 u� 1
2c

gH

P 0

Q 0
�6�

For c� 0, the seismic factor of safety (Eq. (6)) may be

viewed as an increase of the inclination of joint plane by an

angle u , i.e. from c p to c p 1 u such that the stability is

reduced compared to the static case. The logic could be

the basis for tilting table test although it is not discussed

in the literature.

The yield seismic coef®cient for the block, without

considering pore water pressure is

khy � �1 1 kv�tan�f 2 Cp�1
C

hW
�7�

where

C � cH
1 2 z=H

sinCp

( )
�8�

h � cos�f 2 Cp�
cosf

�9�
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In the absence of cohesion, khy degenerates to

khy � �1 1 kv�tan�f 2 Cp� �10�

The equation shows that for an inclined failure plane, the

decrease in yield acceleration may be viewed as an equiva-

lent decrease in the angle of friction from f to f 2 c p.

The permanent sliding of the block along the plane

is determined by double integrating the equation of

motion:

l � h
ZZ
�kh 2 khy�g´dt �11a�

h � cos �d 2 cp�
cos f

�11b�

Eq. (11) may be obtained graphically from Fig. 3, or for
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any earthquake records, by applying a correction factor h to

the displacement obtained in a horizontal sliding block (see

Eq. (2)).

4. Slope stability

4.1. Planar mechanism

The equations obtained for rock block stability may be

used for soil slopes if the failure plane is well de®ned.

However, it is a common practice in slope stability analysis

to seek for the factor of safety along the most critical failure

plane. Ling et al. [22] extended Francais±Culmann analysis

to seismic conditions for a slope inclined at an angle i

(Fig. 5). The crest is inclined at an angle b . The most critical

failure plane is determined at an inclination

a � i 1 f 2 u

2
�12�

The dimensionless stability number is obtained as

N � c

gH
� 1 1 kv

4

1 2 cos�f 2 i 2 u�f gcosb

cosucosfsin�i 2 b� �13�

The yield seismic coef®cient along the failure plane is

obtained as

khy � �1 1 kv�tan�f 2 a�1
sinicosf

sin�i 2 a�cos�f 2 a�
2c

gH

�14�
The permanent displacement is obtained from Eq. (11),

but with c p replaced by a . Note that the stability number

obtained from Eq. (13) is very close to log-spiral mechanism

for steep slopes [18].

4.2. Log-spiral mechanism

The non-planar mechanism is more representative of the

real slope failure. Sarma [27] used a circular failure surface

whereas log-spiral has been used by Chang et al. [1] . A log-

spiral mechanism with variational approach has been used by

Leshchinsky and San [13]. The procedure has been extended

to consider seismic displacement [15] and with the inclusion

of vertical acceleration [18]. The formulation uses dimension-

less coordinates (X� x/H, Y� y/H) and strength

(Nm � c=gHFs, fm � tanf=Fs), with the soil mass bounded

between angles b1 and b2 for the slope surface �Y�X� and

failure surface Y(X) (Fig. 6). The moment equilibrium equa-

tion is written at the pole of log-spiral (Xc, Yc) as

Nm

Zb2

b1

�Y 2 Yc�2 �X 2 Xc�dY =dX
� ��cosb

2 Cmsinb�exp�2bCm�db 1 �1 1 kv�
Zb2

b1

� �Y 2 Y��X 2 Xc�

£ �cosb 2 Cmsinb�exp�2bCm�db 1
kh

2

Zb2

b1

� �Y 2 Y�

£ �Y 1 �Y 2 2Yc��cosb 2 Cmsinb�exp�2bCm�db � 0

�15�
where the ®rst, second and third terms represent contributions

of the soil shear strength, weight of soil with vertical seismic

force and horizontal seismic force, respectively.

Because of complexity of Eq. (15), a computer program is

more relevant to solve for Nm with the slopes of different

geometry and properties. Likewise, the yield acceleration

may also be determined numerically from Eq. (15), with

Fs equal to unity.

By assuming small rotation and neglect the change of

yield acceleration with the change in geometry, the angular

acceleration of the failure soil mass is obtained as:

�u � hu�kh 2 khy�g �16�
where

hu �
cosbcg

rcg

�17�

where rcg is the distance from the center of gyration to the

H.I. Ling / Soil Dynamics and Earthquake Engineering 21 (2001) 189±197 193

Fig. 5. Sliding of soil wedge along most critical plane.

Fig. 6. Rotational sliding of soil slope.



pole of log-spiral, and b cg is the inclination of the center of

gyration measured from the vertical (Fig. 5).

The rotation of the soil mass is obtained by double inte-

grating Eq. (16), from which the horizontal and vertical

permanent displacements may be calculated at any point

along the log-spiral. Again, the procedure is equivalent to

applying a correction factor hu to Eq. (2).

5. Geosynthetic-reinforced soil retaining wall

The design of reinforced soil retaining walls encompasses

several different components, such as the internal stability that

gives the length and strength of geosynthetic layers against

rupture and pullout, and the external stability against direct

sliding and over-turning [12,14]. The procedure of internal

stability analysis can be conducted with Rankine/Coloumb

analysis or using a rigorous log-spiral analysis. For direct slid-

ing, a two-part wedge mechanism is commonly used.

Ling et al. [19] and Ling and Leshchinsky [20] extended

the original procedure of Leshchinsky for a seismic design

of geosynthetic-reinforced soil retaining walls. The two-part

wedge direct sliding mechanism is shown in Fig. 7. Note

that the most critical acceleration against direct sliding acts

in the upward direction. In a series of parametric studies, it

was found that direct sliding along the base of retaining wall

could be the most critical considering large acceleration,

especially if the vertical acceleration is included. The

large acceleration may render design impossible due to

lack of stability. Consequently, a performance-based design

should be employed to avoid excessive length of geosyn-

thetic layer needed to resist direct sliding.

The coef®cient of yield acceleration of reinforced soil

block is determined as

khy � �1 2 kv�WBCdstanf 1 WAtan�f 2 a�L
WB 1 WAL

�18�

where

L � 1 2 Cdstandtanf

1 2 tandtan�f 2 a� �19�

Cds� tanf g/tanf is the interaction coef®cient, which

expresses the ratio of frictional strength between soil-

geosynthetic to that of soil. WA and WB are the weights of

reinforced soil and potential sliding back®ll soil, d is the

interwedge friction angle (equal to f or f /2, or any other

value). a is the angle of inclination of the most critical

failure plane, which may be determined numerically or

using the expression of Richards and Elms [26].

The horizontal displacement for any given earthquake

records may be obtained from Eq. (2). Ling et al. [19]

and Ling and Leshchinsky [20] compared the approach

with the performance of several geosynthetic-reinforced

soil retaining walls. The comparison illustrated that the

use of a tolerable displacement limit improves the design

of geosynthetic-reinforced soil retaining wall.

6. Land®ll cover liner

Geomembrane is used as liquid barrier in the waste contain-

ment. It is covered by a layer of cohesive soil that as protection

medium. Because of the low frictional resistance between soil

and geomembrane, the failure of cover soil typically occurs

along the soil-geomembrane interface. It may also occur along

the interface of geosynthetics depending on the interface

strength. The static stability analysis of land®ll cover soil,

considering end effect (®nite slope), has been presented by

Giroud and Beech [3] and Koerner and Hwu [10]. The Koer-

ner±Hwu approach is extended to include seismic loading.

These formulations are based on a two-part wedge mechanism

with the interwedge force acting parallel to the slope angle

(Fig. 8). Note that the positive vertical acceleration is assumed

to act upward.

The factor of safety of the cover soil to resist direct slid-

ing is determined as

Fds � TA 1 P 1 kvWAsinb 1 Ca

WA�khcosb 1 sinb� �20�

where

TA � Cdstanf �1 2 kv�cosb 2 khsinbf gWA �21�

P � WB �1 2 kv�tanf 2 khf g1 C

h
�22�

h � cos�f 1 b�
cosf

�23�

WA � gHL; WB � gH2

sin2b
; C � c

H

sinb
; Ca � caL �24�

WA and WB are the weight of the soil wedges, ca is the
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adhesion between soil and geomembrane. The other nota-

tions are common to those presented in earlier sections.

From Eq. (20), the coef®cient of yield acceleration is

determined as

khy � �1 2 kv� WAh�Cdstanfcosb 2 sinb�1 WBtanff g1 Cah 1 C

WAh�cosb 1 Cdstanfsinb�1 WB

�25�
The displacement along the soil-geomembrane interface

is obtained as

l � h 0
ZZ
�kh 2 khy�g´dt �26�

where

h 0 � cosb 1 Cdstanfsinb 1
H

Lhsin2b
�27�

When the end effect is neglected (in®nite slope), Eqs.

(20), (25) and (27) degenerate to the following expressions:

Fds � Cdstanf�1 2 kv 2 khsinb�1 kvtanb 1 ca=gHcosb

kh 1 tanb

�28�

khy � �1 2 kv��Cdstanf 2 tanb�1 ca=gHcosb

1 1 Cdstanftanb
�29�

h 0 � cosb 1 Cdstanfsinb �30�
A series of parametric studies relating permanent displa-

cement to the con®guration and properties of cover system,

for different earthquake records, are presented in Ling and

Leshchinsky [16].

7. Composite breakwater

The stability of composite breakwater is determined

based on a factor of safety against direct sliding. The

major external forces acting on it are the lateral and uplift

forces generated by the wave. Goda [4] proposed that P and

U follow a trapezoidal and triangular pressure distribution

(Fig. 9). The equations to determine P, U and related coef®-

cients are summarized in Ling et al. [21].

The factor of safety against direct sliding is obtained from

the following equation:

Fs � m
W 0 2 U

P
�31�

W' is the effective weight of the caisson, m is the coef®cient

of friction between the caisson and rubble mound (typically

taken as 0.6).

Ling et al. [21] proposed that P and U are related to the

effective weight of the caisson. That is P� ChW' and

U� CuW'. Typical values of wave coef®cients are

Ch� 0.4±0.6 and Cu� 0.01±0.4, depending on the design

wave characteristics and water depth.

The yield wave coef®cient is determined when the factor

of safety against direct sliding is equal to unity:

Chy � m�1 2 Cu� �32�
The permanent sliding of the caisson is obtained by

double integrating the equation of motion:

x � W 0

W 1 Wa

ZZ
�Ch 2 Chy�g´dt �33�

where W is the total weight of the caisson, Wa is the added
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mass that may be taken as 20% of the total weight of the

caisson.

The procedure to determine permanent displacement of

composite breakwater has been veri®ed with 35 case

histories [21].

8. Simpli®ed procedure for vertical acceleration

The equations to determine permanent displacement

require khy and therefore kv, which varies with time. The

procedure implies that a separate set of vertical acceleration

record is needed in addition to that of horizontal accelera-

tion (Fig. 2(a)). However, the vertical acceleration may be

considered in a simpli®ed manner using a ratio of peak

vertical seismic coef®cient to peak horizontal seismic coef-

®cient. That is, l � kvo/kho. The vertical acceleration is thus

assumed to be in phase with the horizontal acceleration.

For the horizontal block, rock block and reinforced soil

block, the yield seismic coef®cients and displacement

correction factors are rewritten as below for the simpli®ed

analysis.

² Block sliding along horizontal plane:

khy � tanf

1 1 ltanf
�1 0�

x � �1 1 ltanf�
ZZ
�kh 2 khy�g´dt �2 0�

² Block sliding along inclined plane:

khy �
tan�f 2 Cp�1

C

hW

1 2 ltan�f 2 Cp� �7 0�

l � �1 2 ltan�f 2 Cp��h
ZZ
�kh 2 khy�g´dt �11 0�

² Reinforced soil:

khy � WBCdstanf 1 WAtan�f 2 a�L
WB�1 1 lCdstanf�1 WA�1 1 ltan�f 2 a��L

�18 0�

x � �1 1 lCdstanf�
ZZ
�kh 2 khy�g´dt �2 00�

Note that Eqs. (2 0) and (2 00) are the same since Cdstanf
represents the angle of friction of the soil-geosynthetic inter-

face. The simpli®ed approach to include vertical accelera-

tion has been demonstrated against limited cases of

application [20].

9. Conclusions

This paper discussed application of sliding block theory

to different geotechnical structures. Relevant equations for

the yield seismic coef®cients and permanent displacement

were presented. The equations presented for seismic stabi-

lity degenerate to that of static stability in the absence of

earthquake. A simpli®ed procedure to include vertical

acceleration was presented for yield acceleration and

permanent displacement. The permanent displacement

would be a more rational criterion for performance-based

geotechnical design under high seismic load, as witnessed

by the recent practice in Japan.
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