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Anisotropic Elastoplastic Bounding Surface Model for
Cohesive Soils

Hoe I. Ling, M.ASCE1; Dongyi Yue2; Victor N. Kaliakin, M.ASCE3; and Nickolas J. Themelis4

Abstract: The initial stresses existing in the natural ground are anisotropic in the sense that the vertical stress is typically larger
lateral stresses. The construction activities, such as embankments and excavation, induce anisotropy in the stress system.
deformation behavior and excess pore water pressure response of soils are affected by the inherent and induced stress anis
paper presents an improved soil model based on the anisotropic critical state theory and bounding surface plasticity. The a
critical state theory of Dafalias was extended into three-dimensional stress space. In addition to the isotropic hardening rule, rota
distortional hardening rules were incorporated into the bounding surface formulation with an associated flow rule. The projectio
that is used to map the actual stress point to the imaginary stress point was specified along theK0 line instead of the hydrostatic line o
at the origin of the stress space. A simplified form of plastic modulus was used and the proposed model requires a total of 12
parameters, the same number as that of the single-ellipse time-independent version of the Kaliakin–Dafalias model. The m
validated against the undrained isotropic and anisotropic triaxial test results under compression and extension shearing modes
Clay, San Francisco Bay Mud, and Boston Blue Clay. The effects of stress anisotropy and overconsolidation were well captur
model. The time effect was not included in the formulations presented in this paper.
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Introduction

Cam-clay models, which are based on the critical state the
have been developed to express the elastoplastic behavior of
~Roscoe and Burland, 1968; Schofield and Wroth 1968!. They
were formulated in the triaxial~p2q! space using the well-
known e2 ln p relationships~wherep, q, ande5mean effective
stress, deviator stress, and void ratio, respectively!. In the original
Cam-clay model~Schofield and Wroth 1968!, the yield surface is
bullet-shaped whereas in the modified Cam-clay model~Roscoe
and Burland 1968!, it is described by an ellipse. In both mode
the yield surface is aligned along thep axis and hardens isotropi
cally according to the lineare2 ln p relationships following an
associated flow rule. The cap model~DiMaggio and Sandler
1971; Sandler et al. 1976! was formulated in three-dimensiona
stress space and has a curved failure envelope. It shows imp
ments over the Cam-clay model as well as the elastoplastic th
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put forward by Drucker and Prager~1952! and Drucker et al.
~1957!. The plastic volumetric strain was used as a harden
parameter in the cap model.

A significant development in constitutive modeling wa
achieved when Dafalias applied his bounding surface concep
soils ~Dafalias and Herrmann 1982; Dafalias 1986!. Instead of a
classical yield surface, a bounding surface is defined in this mo
so that the actual stress is mapped to the imaginary stress o
bounding surface. The distance between the real and imagi
stress is used to specify the plastic modulus of the actual st
states in terms of bounding plastic modulus. The bounding
face theory allows a smooth transition of stress in an elastic s
within and on the bounding surface. The model is very relev
for simulating the behavior of overconsolidated cohesive so
The isotropic, anisotropic, and time-dependent versions of
bounding surface model have been proposed~e.g., Dafalias and
Herrmann 1982; Anandarajah and Dafalias 1985, 1986; Dafa
and Herrmann 1986; Kaliakin and Dafalias 1990!. The math-
ematical aspect of bounding surface theory is given in a sub
quent section.

Soil exhibits anisotropic properties that may be inherent due
the fabric structure~structural anisotropy! and initial stress con-
ditions ~inherent anisotropy! or induced as a result of stres
change~stress-induced anisotropy!. Inherent structural anisotrop
~e.g., Anandarajah et al. 1996! exists in the fabric structure wher
the long axis of the soil particles tends to align in a preferr
horizontal direction during deposition. In clay, two types of var
tion of strength based on inclination of the major principal stre
or deposition plane have been reported:~1! the strength is larges
for vertical inclination but it reduces as the plane rotates a
becomes the smallest for horizontal plane~e.g., Lo 1965!; and~2!
a lower strength for inclined plane compared to vertical and h
zontally planes~e.g., Duncan and Seed 1966!. Anisotropy of the
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Table 1. Anisotropic Elastoplastic Model for Clays

Reference Model
Yield function/bounding

surface
Hardening

rule
Flow
rule

Plasticity
theory

Schofield
and Wroth~1968!

Original
Cam-clay M ln

p

p0
1

q

p
50

Isotropic Associated Classica

Roscoe
and Burland~1968!

Modified
Cam-clay p(p2p0)1

q2

M2
50

Iisotropic Associated Classica

Sekiguchi
and Ohta~1977!

Ohta’s model
~equivalent
shear stress!

M ln
p

p0
1A3

2 S si j

p
2

si j
0

p0
D 2

50
Isotropic Associated Classica

Anandarajah
and Dafalias
~1985, 1986!

Induced invariant
~Ia2I0

a!SIa1
R22

R
I0
aD1~R21!2

~Ja!2

N2~ua!
50

Isotropic,
anisotropic,
distortional

Associated Bounding
surface

Banerjee and Yousif~1986! Experimentally
based

3

2M2 Ssij
asij

a2
1

9

p

p0
sij
0sij

0D2p~p02p!50
Isotropic,

anisotropic
Associated Bounding

surface

Dafalias~1987! Anisotropic
critical state

theory

p(p2p0)1
(q2pa)2

M22a2
50

Isotropic,
anisotropic

Associated Classical

Crouch
and Wolf ~1992!

Unified
model ~Ī2I0!S Ī1 R22

R
I0D1~R21!2

~J̄!2

N2
50

Isotropic Nonassociated Boundin
surface

Whittle ~1993! MIT-E3
~equivalent
shear stress!

(si j 2pa i j )(si j 2pa i j )2c2p(p02p)50 Isotropic,
anisotropic

Nonassociated Bounding
surface
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stress system can be related to thein situ stress conditions and/o
stress induced by subsequent shearing~e.g., Ladd et al. 1977!. K0

conditions prevail in the natural ground where vertical overb
den stress is typically larger than horizontal stress. It has to
mentioned that even for a homogeneous and structurally isotr
soil, shearing may induce anisotropic behavior in the stre
deformation relationships. Experimental results have shown
the yield surface for anisotropically consolidated clay tends
align along theK0 line ~e.g., Graham et al. 1983!. The pore water
pressure as well as the stress–strain response of an anisotrop
consolidated clay specimen under undrained shearing were
nificantly affected by the initial stress ratio~Ladd and Varallyay
1965; Stipho 1978!.

The critical state and cap models are, however, valid for i
tropic stress conditions and for normally to lightly overconso
dated clays, involving mainly monotonic loading. There ha
been several attempts to model anisotropic soil behavior by
tending the critical state soil models, as summarized in Table
brief account of these modeling approaches is given below.

An anisotropic model for normally consolidated clay was p
posed by Ohta and Hata~1971!. The yield surface degenerates
the original Cam-clay model for isotropic conditions. In Ohta
models~Ohta and Hata 1971; Sekiguchi and Ohta 1977!, the pa-
rameterq/p is replaced by normalized equivalent shear stre
q5A3(Si j /p82Si jo /po8)(Si j /p82Si jo /po8)/2, where Si j 5
deviatoric stress tensor and the subscript ‘‘o’’ 5variables relate to
past consolidation history. The function allows the yield surfa
to be inclined at the origin of the stress space at the star
shearing. It does not rotate further with shearing, Prevost~1978!
and Mroz et al.~1978! also presented an anisotropic model th
accounted for induced anisotropy, but it was based on the ne
surface associated with a kinematic hardening rule.
c

t

lly
-

-

f

d

Anandarajah and Dafalias~1985, 1986! and Liang and Ma
~1992! introduced induced stress invariants based on the fa
tensor to replace the corresponding stress invariants in the y
function of the modified Cam-clay model. The models were ba
on bounding surface plasticity. The isotropic, anisotropic and d
tortional hardening rules were used to describe the evolution
the bounding surface as plastic strain develops. The projec
center of the bounding surface is set along the induced hydros
line.

Dafalias~1987! proposed an anisotropic theory based stric
on the critical state concept. An anisotropic dissipating ene
measurementa was introduced in the triaxial space. The theo
was generalized into three-dimensional stress space by assu
a5A2a i j a i j /3, which expresses the yield function in terms
anisotropic tensor~see the equation in Table 1!. Whena50, the
function reduces to that of the modified Cam-clay model. Crou
and Wolf ~1992! further introduced a constant shape paramete
the yield function in order to control the tensile strength. Crou
and Wolf ~1995! generalized the model into three-dimension
stress space but no validation was presented. Both mode
Couch assumed a constant shape parameter and did not con
distortional hardening. The models were also expressed with
bounding surface theory having the projection center at the or
of the stress space~Crouch et al. 1994!.

The MIT series of soil models~Whittle 1993; Whittle and
Kavvadas 1994! are extensions of the modified Cam-clay mod
The equivalent shear stress is defined asq
5A3(Si j 2pa i j )(Si j 2pa i j )/2, wherea i j 5anisotropic tensor tha
changes with the plastic strain. Thus, unlike Ohta’s model, M
models allow rotation of yield surface during subsequent sh
ing. In order to capture the critical state, a nonassociated flow
JOURNAL OF ENGINEERING MECHANICS / JULY 2002 / 749
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was adopted. Thus the key features of the MIT-E1 model incl
an anisotropic yield surface, kinematic plasticity, and the cap
ing of strain-softening behavior under undrained conditions. T
additional features were incorporated in the MIT-E3 model: sm
strain nonlinear elasticity using a closed loop hysteric stre
strain formulation, and the bounding surface plasticity to mo
an overconsolidated clay behavior.

Banerjee and Yousif~1986! proposed an anisotropic mode
with the yield surface aligned along theK0 line. The yield func-
tion was developed from the experimental results. The isotro
and anisotropic hardening rules were used. The isotropic har
ing rule used in the model was the same as that of the mod
Cam-clay model, whereas the anisotropic/rotational harden
rule was expressed as an empirical function that captures the
cal state of soils.

This paper presents a generalized constitutive model for an
tropic cohesive soils using the concept of bounding surface p
ticity and the critical state concept. The main features of the p
posed model include a function for the bounding surfa
hardening rules, plastic modulus, mapping rule, and constitu
equations. The model is verified with the test results of Kao
Clay, San Francisco Bay Mud, and Boston Blue Clay. The tim
dependent behavior is not included in the formulation presen
herein.

Formulations

The model is a modification of the Kaliakin–Dafalias mod
~Kaliakin 1985; Kaliakin and Dafalias 1990! but the bounding
surface is based on the extended anisotropic critical state th
~Dafalias 1987!. Meanwhile, the rate effect is not included in th
paper. Associated flow rule is used in the proposed model so
it is computationally less sophisticated than the kinematic mod
while the most important features of anisotropic soil behavior
still be captured. Note that the plasticity model with nonasso
ated flow rule does not satisfy Drucker’s postulate, thus the
sulting solution may not be unique. Note that the anisotropy
volved in the formulation focused on the initial and induced str
anisotropy. Structural anisotropy due to soil fabric structure is
part of the proposed formulation.

Bounding Surface

In the bounding surface theory,F is defined as a function of the
stress tensors i j and plastic internal variablesqn . That is,
F(s̄ i j ,qn)50. The bar over the stress quantity denotes an im
point on the bounding surface. The real stress points i j within the
bounding surface is related to the image stress points̄ i j on the
bounding surface through a mapping rule. The direction of pla
loading–unloading is defined as the gradient ofF at s̄ i j . A rela-
tion between the plastic modulusKp and a bounding plastic
modulusK̄p is established as a function of the Euclidean dista
d betweens i j and s̄ i j .

In this study, the bounding surface is obtained by extend
the critical state concept of Dafalias~1987! into three-
dimensional stress states, and dependent on the reduced
angle through a functionx. That is,

F~ s̄ i j ,a i j ,I 0 ,R!5~ Ī 2I 0!S Ī 1
R22

R
I 0D

1~R21!2
J̄a

2

x/27
50 (1a)
750 / JOURNAL OF ENGINEERING MECHANICS / JULY 2002
-

i-

-
-

y

t
,

e

Ī 5s̄ i j d i j (1b)

S̄i j 5s̄ i j 2s̄kkd i j /3 (1c)

S̄i j
a 5S̄i j 2s̄kka i j /3 (1d)

J̄a
25S̄i j

a S̄i j
a /2 (1e)

S̄a
35S̄i j

a S̄jk
a S̄ki

a /3 (1f)

sin 3ū5
3A3

2
S S̄a

J̄a
D 3 S 2

p

6
<ū<

p

6
D (1g)

x~ū !5
2k

11k2~12k!sin 3ū
xc (1h)

k5xe /xc (1i)

xc5 f ~Mc ,a,R! (1j)

xe5 f ~Me ,a,R! (1k)

f ~M ,a,R!5
M2a

2
@2a~R21!21M2a

1A4a~R21!2M1~M2a!2# (1l)

a5A3a i j a i j

2
(1m)

whereĪ , S̄i j , S̄i j
a , J̄a , S̄a , andū5first stress invariant, deviatoric

stress tensor, reduced deviator stress tensor, reduced second
invariant, reduced third stress invariant, and reduced Lode an
respectively. A superposed bar indicates that the variables ar
lated to the bounding surface. Parametersa, a i j , M, and
R5anisotropic measurement, anisotropic tensor, slope of crit
state line in triaxial space, and shape parameter, respectively
d i j 5Kronecker data.

The anisotropic tensorsa i j are expressed through a consta
A0 with the initial stress states

a i j
0 5A0

Si j
0

p0
(2a)

Si j
0 5s i j

0 2p0d i j (2b)

With the initial stress ratioK05s30/s10, the anisotropic tensors
are given as follows:

a11
0 52k0, a22

0 5a33
0 52k0, a12

0 5a23
0 5a13

0 50 (2c)

k05A0

12K0

112K0
(2d)

For isotropically consolidated specimensK051.0, thusk050.
For theK0-consolidated specimen,A050.65– 1.0~e.g., Liang and
Ma 1992!.

R controls the shape of the bounding surface. In this propo
model, R is considered to vary with volumetric strain. A flatte
shape is obtained by increasing the value ofR. WhenR is equal to
2, the surface degenerates to that proposed by Dafalias~1987!.
The surface also exhibits a unique property not available in
isting anisotropic models such that at the end of anisotropic c
solidation, the stress state is at the right tip of the yield surf
@Fig. 1~a!#. That isI 0/3 is the largest mean effective stress the s
element has experienced afterK0 consolidation, whether it is in
the state of neutral loading or unloading.
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The normal to the bounding surface at its intersection with
critical state line is parallel to theJ̄ axis. Thus the bounding
surface allows an associated flow rule to be used for determi
the direction of plastic strain rate, while also predicting the cr
cal state for strain hardening soils. The approach is less soph
cated than MIT models, for example, which adopt a nonass
ated flow rule combined with an additional failure curve f
predicting the failure state.

Hardening Rules

The isotropic, rotational/anisotropic, and distortional harden
rules are used to control the size, rotation, and distortion of
bounding surface. The hardening equations are expressed fo
associated flow rule.

Isotropic Hardening Rule
The bounding surface expands, contracts, or remains uncha
in size depending on the plastic volumetric strain rate. The e
lution of I 0 is determined from the following equations:

İ 05
11e0

l2k
~^I 02I L&1I L!^L&Rkk (3a)

Rkk5d i j Ri j (3b)

Ri j 5
]F

]s i j
(3c)

wherel andk are obtained from the slope of the primary com
pression and swelling lines in thee2 ln p relationships of isotro-
pic consolidation;L5 loading function that governs the magn

Fig. 1. Anisotropic model:~a! bounding surface and~b! mapping
rule
i-

e

d

tude of plastic strain@see Eqs.~6a! and ~6b!#; ^ & 5 Macaulay
brackets which implies that^L&5L if L.0 and^L&50 if L<0;
F5analytical expression for the bounding surface; andRi j 5 gra-
dient of plastic potential.e0 andI 0 (whereI 053p0)5initial void
ratio and preconsolidated stress conditions.I L is used for compu-
tational stability at low value ofI so thate versusp relationship
changes from logarithmic to linear~Dafalias and Hermann 1986!.
Its value is typically assigned as one-third atmospheric press

RotationalÕAnisotropic Hardening Rule
The rotational rate of the bounding surface is controlled by
evolution of the anisotropic tensor. Experimental results~e.g.,
Morgenstern and Tchalenko 1967; Mitchell 1970! revealed that
the rate of anisotropy is influenced by the stress increments
not by the absolute value of the stress. If an anisotropic speci
is sheared continuously, the initial anisotropy may be eras
Also, a saturation state is obtained at the critical state so
isotropic and anisotropic specimens exhibit the same beha
The following expression is used to accommodate for such an
tropic behavior:

ȧ i j 5L1

11e0

l2k
S̄i j

a ^L&Rkk (4a)

where

L15
c1j

I 0
expS 2c2

r

uru ~11r!a D (4b)

j5K 1.02
J̄

Nu Ī u L (4c)

r5
a i j

A 2
3a

Ri j
S (4d)

Ri j
S5

Ri j 2
1
3Rmndmnd i j

uRi j u
(4e)

wherec1 andc25positive constants. ParameterN5slope of the
critical state line inI 2J stress space andI 0 is introduced to
normalize Eq.~4b!. Parameterj is used to capture the anisotrop
saturation for generalized stress conditions and a heavily con
dated specimen andr accounts for the change in the loadin
direction with respect to the anisotropic tensor~Anandarajah and
Dafalias 1985, 1986!. For proportional loading paths,S̄i j

a 50, so
the rate of anisotropy~ȧ i j ! is equal to zero. Also, at critical state
J̄/u Ī u5N, thusȧ i j 50.

Distortional Hardening Rule
R is a parameter used to control the ratio ofJ versusI in the
bounding surface. The following equation is adopted from An
darajah and Dafalias~1985, 1986! in accounting for distortional
hardening:

Ṙ5L2

11e0

l2k
^L&Rkk (5a)

L252c1c3jS Ja

I 0
D 2

expS 2c2

r

uru ~11r!a D (5b)
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Bounding Plastic Modulus

The proposed model obeys the associated flow rule. Therefor
yield function also serves as the plastic potential function. T
plastic strain rate is determined as

«̇ i j
p 5^L&

]F

]s̄ i j

(6a)

L5
1

K̄p

]F

]s̄ i j

sG i j 5
1

Kp

]F

]s i j

ṡ i j (6b)

where L, Kp , and K̄p5plastic loading index, and the plast
moduli at current stress state and image stress states, respec

Substituting the hardening rules and loading index into
consistency conditions, the bounding plastic modulus is obta
as

K̄p52
11e0

l2k F ~^I 02I L&1I L!
]F

]I 0
1L1

]F

]a i j
S̄i j

a

1L2

]F

]RGRkk (7a)

The plastic modulus is related to the bounding plastic modu
through the following relationships:

Kp5K̄p1
11e0

l2k
paRi j Ri j S d

^r 2sb& D
W

(7b)

where the variablesb, s, r, andd are illustrated in Fig. 1~b!. They
are used to relate the actual and image stress points, and to d
the extent of elastic nucleus, radial distance, and Euclidean
tance in the stress space, respectively.pa5atmospheric pressure
W5positive constant which is introduced to replace the para
etershe , hc , andz used in the plastic modulus of earlier versio
of the bounding surface model. The comparison as presented
sequently showed that the accuracy of predictions is not sacrifi
significantly by reducing the number of parameters in the exp
sion.

Mapping Rule

In the proposed model, the projection center is formulated
move along theK0 line rather than at the origin ofI-J stress
space. The image stress variables are related through the a
stress variables using the radial mapping rule@Fig. 1~b!#. That is

s i j
C5 1

3CI0~a i j 1d i j ! (8a)

whereC ~0<C<1!5material constant.C defines the point along
the K0 line which serves as the projection center in the rad
mapping rule, thus it determines the mapped actual stress o
bounding surface. It affects the dilation and contraction of so
but does not affect the material response for states lying on
bounding surface. The elastic nucleus has the projection cent
its center of homology, thusC affects the magnitude ofKp .

From geometry, the following relationships are used in relat
current stress states to those at the bounding surface:

Ī 5b~ I 2CI0!1CI0 ; S̄i j
a 5bSi j

a ; J̄a5bJa ;

S̄a5bSa ; ū5u (8b)

b5
r

r 2d
(8c)
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whereb, r, andd are defined earlier@Fig. 1~b!#.
The projection center is also an internal variable. By substi

ing the isotropic and anisotropic hardening rules into the deri
tive of above equation, the evolution of the projection center
comes

ṡ i j
C5

1

3
C

11e0

l2k
@~^I 02I L&1I L!~a i j 1d i j !1L1S̄i j

a #^L&Rkk

(8d)

The change of the bounding surface with the internal variable
shown in Fig. 1~a!.

Constitutive Equation

The total strain rate is assumed to be composed of two pa
elastic and plastic. That is

«̇ i j 5 «̇ i j
e 1 «̇ i j

p 5Ci jkl ṡkl1^L&
]F

]s̄ i j
(9)

whereCi jkl 5fourth order tensor of elastic compliance. The as
ciated flow rule is assumed which with the above presented
pressions gives

]F

]s̄ i j

5
]F

] Ī
d i j 1

1

2Ja

]F

] J̄a
S Si j

a 2
1

3
d i j a i j Si j

a D
1

A3

2J̄a cos 3u

]F

]u
F 1

J̄a
S SikSk j2

3

2

Sa
3

Ja
2

Si j
a D

2
2

3
d i j 1

a i j d i j

3Ja
2 S 3

2

Sa
3

Ja
2

Si j
a 2Sjk

a Ski
a D G (10)

The normal to the bounding surface is decomposed into
drostatic and deviatoric components. The elastoplastic cons
tive equation is thus expressed as

ṡ i j 52G«̇ i j 1~K2 2
3G!«̇kkd i j 2^L&

3@2GRi j 1~K2 2
3G!Rkkd i j # (11)

whereK andG5bulk and shear moduli, respectively. Note thatK
is related tok as K5(11e)p/k. The constitutive model was
implemented intoCALBR8 ~Kaliakin 1992! for simulating the
response using a single element. Note that the simulation
sented here adopted a reformulated analysis~Herrmann 1965! for
undrained conditions using the bulk modulus of water, where
stiffness of the composite material is due to a combination
material skeleton and pore water. Since water does not tran
shear, the stiffness of water is entirely due to its bulk modulus
compressibility.

Parameters

The proposed model requires 12 material parameters as we
the initial stress state parameters~e0 , A0 , p0, and initial given
components!. The parameters are related to critical state soil m
chanics~l, k, Mc , Me , G, or n!, bounding surface configura
tions ~R, C, s!, and hardening functions~c1 , c2 , c3 , W!.

l andk are obtained from isotropic consolidation tests. Th
may also be obtained from the compression and swelling inde
~Cc and Cs! of one-dimensional consolidation tests wherel
50.434Cc andk50.434Cs . M, which may be different for com-
pression and extension tests~denoted asMc andMe!, is obtained
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Table 2. Material Parameters for Kaolin Clay, San Francisco B
Mud, and Boston Blue Clay

Parameters Kaolin Clay
San Francisco

Bay Mud
Boston

Blue Clay

Traditional
l 0.14a 0.37b 0.175c

k 0.05a 0.054b 0.034c

n 0.20a 0.2b 0.227c

Mc ,Me 1.05a,0.78a 1.4b,1.12b 1.39c,1.12c

Surface configuration

R 2.6 2.8 3.6

C 0.23 0.23 0.23

S 1.5 1.5 1.5

Hardening
c1 20 100 20
c2 10 10 10
c3 80 50 100

W 2.0 2.0 2.0
aBanerjee and Yousif~1986!; Stipho ~1978!.
bBonaparte~1981!.
cWhittle ~1993!.
from the slope of the critical state line or indirectly from the ang
of internal frictionf. G may be specified as a constant~obtained
from K andn! or a variable dependent on the stress levels.

Undrained stress path of the normally consolidated soil may
used to obtain the initial value ofR, where 2.0 is a typical value
C is obtained from the test results of lightly to highly overco
solidated specimens under undrained shear
s(1<s<`)5elastic zone parameter, withs51 leading to inelas-
tic behavior at any point within the bounding surface ands5` or
any large value showing a purely elastic behavior within the s
face so that the bounding surface behaves like a classical y
surface.

c1 , c2, andc3 are obtained by best fitting the experiment
results, typically for the normally consolidated isotropic compr
sion and extension tests, and then extended to the normal
overconsolidated anisotropic tests.

The calibration is described subsequently for several type
clay and compared with reported experimental results.

Validations

The model was calibrated and verified with three different typ
of clay: Kaolin Clay~Stipho 1978!, Boston Blue Clay~Ladd and
Fig. 2. Comparison of stress paths for Kaolin Clay:~a! K051.0, ~b! K050.8, ~c! K050.67, and~d! K050.57
JOURNAL OF ENGINEERING MECHANICS / JULY 2002 / 753



Fig. 3. Comaprison of stress–strain and excess pore water pressure response for Kaolin Clay:~a! compressionK051.0, ~b! extensionK0

51.0, ~c! compressionK050.8, ~d! compressionK050.667, and~e! compressionK050.57
754 / JOURNAL OF ENGINEERING MECHANICS / JULY 2002
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Vallayay 1965!, and San Francisco Bay Mud~Bonaparte 1981!.
The calibration of material parameters was based on the resu
isotropically consolidated specimens, so that the behavior of
isotropically consolidated specimens were predicted. Tabl
summarizes the parameters and their values.

Kaolin Clay

The series of undrained shearing tests were conducted on is
pically and anisotropically consolidated specimens~Stipho 1978!
with the overconsolidation ratio~OCR! ranging from 1.0 to 8.0
for isotropic tests and 1.0–4.0 for anisotropic tests~K051.0, 0.8,
0.67, and 0.57! under triaxial compression and extension con
tions. The value of initial void ratioe0 was between 0.94 to 1.0
while the preconsolidation stressp08 was between 357 and 40
kPa for isotropically consolidated tests and 204 kPa for anisot
ically consolidated tests. Note that these tests were stress
trolled and the failure state may not be properly captured. Sev
researchers have used the results for verifying their constitu
models ~e.g., Anandarajah and Dafalias 1986; Banerjee
Yousif 1986; Liang and Ma 1992!. In the validation here, the
values of traditional critical state parameters were based on
isotropic test results~Stipho 1978!. The surface configuration pa
rameters~R andS! were obtained by best fitting the stress pa
and stress–strain response of isotropic, lightly overconsolid
specimens with OCR51.2. C was calibrated from the isotropic
highly overconsolidated specimens at OCR55.0. The hardening
parameters~c1 , c2 , c3! were calibrated from normally consoli
dated specimens atK050.8 for both compression and extensio
conditions.

Figs. 2~a–d! show the comparisons for the stress paths
tained from the tests and model simulations. The comparison
corresponding deviatoric stress and excess pore pressure v
strain response are shown in Figs. 3~a–h!. The results determined
from Kaliakin–Dafalias’ model atK051.0 and Anandarajah
Dafalias’ model atK050.8 and 0.667 are also shown. The mod
was able to predict the response over a wide range ofK0 ~from
0.57 to 1.0! and OCR~from 1.0 to 8.0!.

There were some notable differences between the behavi
isotropically and anisotropically consolidated tests as obser

Fig. 4. Comparison for San Francisco Bay Mud: Stress–strain
excess pore water pressure response
f
-

-

-
-
l

e

r
us

f

experimentally and also predicted by the model. For specim
consolidated isotropically with moderate overconsolidation ra
such as OCR52 or less, the stress path shows a reduction ip
until it reached the critical state line. For isotropically conso
dated specimens with high overconsolidation ratio, such
OCR55 or above, the stress path gave an abrupt increaseq
with little change inp until it passed beyond the critical state lin

Fig. 5. Comparison of stress paths for Boston Blue Clay:~a! K0

51.0 and~b! K050.534
JOURNAL OF ENGINEERING MECHANICS / JULY 2002 / 755
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Such behavior of highly overconsolidated specimens was
served at much lower overconsolidation in anisotropically c
solidated specimens, such as that with OCR52. The negative ex-

Fig. 6. Comparison of stress–strain and excess pore water pres
response for Boston Blue Clay:~a! K051.0 and~b! K050.534
756 / JOURNAL OF ENGINEERING MECHANICS / JULY 2002
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cess pore pressure at high OCR and under extension mode
also predicted by the proposed model. The strength anisotrop
compression and extension modes was also captured.

The results of predictions indicated that the model using
simplified form of plastic modulus did not result in significant
different results for normally consolidated soils. The model ga
a better prediction for overconsolidated clays, especially at hig
OCR and extension mode compared to Kaliakin–Dafalias’ mo
It also gave more satisfactory prediction for the anisotropic te

e

Fig. 7. Erase of anisotropy-memory during isotropic consolidati
tests

Fig. 8. Inherent anisotropy denoted by inclination of major princip
stress
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at high OCR, for the extension test compared to the results
tained by Anandarajah and Dafalias~1986! and Liang and Ma
~1992!.

San Francisco Bay Mud

Bonaparte~1981! conducted a series of undrained tests on iso
pically and anisotropically consolidated specimens of San F
cisco Bay Mud. The initial void ratio wase051.35 for all speci-
mens. In these tests,p05100, 353.16, and 130.8 kPa forK0

51.0, 0.65, and 0.5, respectively. The results were limited
normally consolidated specimens and for compression mode,
some parameters related to OCR, such asW andC, were assigned
values similar to Kaolin Clay. In fact these two parameters did
affect the response significantly. The values of traditional par
eters were given by Bonaparte~1981!. The series of isotropic tes
results have been used extensively to verify constitutive mo
~e.g., Borja and Kavazanjian 1985!. Fig. 4 shows the compariso
between the experimental and simulated results for the devia
stress–axial strain and excess pore pressure–axial strain rela
ships. The simulations are considered satisfactory.

Boston Blue Clay

Ladd and Varallyay~1965! performed a series of undrained tr
axial compression and extension tests on isotropically and an
tropically ~K050.534! normally consolidated Boston Blue Cla
The specimens were tested ate050.84– 0.89 andp0 ranging from
273 to 785 kPa. The traditional parameters are given by Wh
~1993!. Since no overconsolidated isotropic specimens w
tested, the parametersW andC were assigned with values simila
to Kaolin Clay and San Francisco Bay Mud. Figs. 5 and 6 co
pare the results of simulations with the experimental results.
solid and dashed lines show the predicted results for compres
and extension tests, respectively. The closed and open point
the experimental results for compression and extension tests
spectively. The predicted stress paths are satisfactory for the
tropic tests and anisotropic extension tests. The prediction
anisotropic compression tests was less satisfactory becaus
strain softening behavior, which may be overcome with a ki
matic hardening approach like the MIT models. However,
excess pore pressure was underestimated in the extension
though the experimental value seems extremely large.

Other Aspects of Anisotropy

Erase of Anisotropy Memory
Anandarajah and Dafalias~1985, 1986! investigated the behavio
of their bounding surface model for initially anisotropic spe
mens when subject to isotropic consolidation. For isotropica
consolidated specimens, the major and minor principal strains
the same, i.e.,«15«3. However, for initially anisotropic speci
mens, the major and minor principal strains are not the same
the stress level has been increased to 1.5–2.5 times the i
stress. The fabric still remains anisotropic although the respo
is isotropic ~Anandarajah et al. 1996!. That is, the memory of
anisotropy was erased by subsequent isotropic consolidation.
7 shows three case studies using the properties of Kaolin C
Case 1 considered an isotropic consolidation. For Case 2,
specimen was consolidated anisotropically to a stress state os3

535 kPa ands1550 kPa followed by isotropic consolidation.K0

consolidation was conducted in Case 3 untils1550 kPa, where
-

-

s

c
n-

-

n
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-
-
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e

l
l

e

.
.
e

s3 was obtained as 30.4 kPa. The specimen was then con
dated isotropically. The results showed that during the initial p
tion of subsequent isotropic consolidation of specimens in Ca
2 and 3,D«3 was smaller thanD«1. However, as the stress leve
exceeded 1.8,D«15D«3 and the behavior resembled that of a
initially isotropic specimen. Thus, the proposed model is capa
of simulating erase of memory for an anisotropically consolida
specimen when subject to isotropic consolidation.

Inherent Anisotropy
The simulation capability of the proposed model has been focu
mainly on stress anisotropy. It has to be noted that the mode
capable of modeling the inherent anisotropy of clay due to
different orientation of the direction of major principal stress w
the axis of deposition,d @Fig. 8~a!#. In fact, the compression an
extension tests are two typical cases withd50 and 90°, respec-
tively. However, testing with other angles of inclination require
special device such as a directional shear apparatus by app
appropriate shear stress after achieving anisotropic stress s
@Fig. 8~c!#. d may be controlled to be constant or to rotate duri
subsequent shearing. The tests with specially prepared speci
having an inclined plane of deposition@Fig. 8~b!# do not allow
rotation of major principal stress.

Summary and Conclusions

A constitutive model, based on the critical state concept
bounding surface plasticity, has been developed to simulate s
anisotropy in clay. A simplified form of the plastic modulus w
used. The model considered isotropic, rotational, and distortio
hardenings using a total of 12 material parameters as well as
initial stress states. The comparisons with test results of th
types of clay under different stress and overconsolidation rat
and under compression and extension modes, revealed the pr
tive capability of the proposed model.

The model is limited to soils that do not exhibit significa
strain-softening behavior. Test results with careful measurem
of excess pore water pressure under extension mode are req
for further validation. Since triaxial tests were used for calibrat
and validation, additional work should be conducted to verify
model with other modes of shearing, and also with the bound
value problems.
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