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Abstrac
such as
high val tic
loading ble
success
mobility
behavio e
pressur o
that a s c
loading
reloadin e
cyclic b
dense a

DOI: 10

CE Data

Introdu

It is wel
confinin
shown t
a large
result ~V
et al. 19
and Lad
behavio
studied
and Ta
1999!. T
and the
fining p
range o
1967; V

Anot
cation a

1Asso
Mechani
10027. E

2Grad
Enginee
NY 1002

Note.
January
papers.
be filed
was sub
approved
Enginee
0733-93
of Sand Through Generalized Plasticity Model
Hoe I. Ling, M.ASCE,1 and Huabei Liu2

t: Natural soil deposits and man-made earth structures exhibit complicated engineering behavior that is influenced by factors
the stress level and drainage conditions. The stress conditions within a soil structure vary greatly, ranging from very low to very

ues, due to the dead weight, loading and boundary conditions. Saturated sand deposits that exhibit drained conditions under sta
become undrained when subject to earthquake excitations. The Pastor–Zienkiewicz–Chan model has demonstrated considera
in describing the inelastic behavior of soils under isotropic monotonic and cyclic loadings, including liquefaction and cyclic

. This study proposed modifications to the Pastor–Zienkiewicz–Chan model so that effects of stress level and densification
r are simulated. The proposed model suggested that the angle of internal friction, elastic and plastic moduli are dependent on th
e levels. Relevant modifications were made to incorporate a power term of mean effective stress on the loading plastic modulus s
tress-level dependent volume change is obtained in combination with the stress-dilatancy relationship. To better simulate cycli
with reference to densification behavior, an exponential term of plastic volumetric strain is included for the unloading and
g plastic moduli. A total of 11 parameters are needed for monotonic loading, whereas 15 parameters are needed in describing th
ehavior. The model simulations were compared with undrained and drained triaxial test results of several kinds of sand under
nd loose states. The predictive capability for monotonic and cyclic loading conditions was also demonstrated.

.1061/~ASCE!0733-9399~2003!129:8~851!

base subject headings: Plasticity; Constitutive models; Densification; Cyclic loads; Sand.

ction

l known that sands respond differently to the variation in
g stress and densities. Experimental investigation has
hat when a sand is sheared under high confining pressure,
reduction in the volume and angle of internal friction may
esic and Clough 1968; Banks and Maclver, 1969; Miura
84; Bolton 1986; Lade and Yamamuro 1996; Yamamuro
e 1996! because of the crushing of soil particles. The

r of sand under very low confining pressure has also been
by several researchers~Ponce and Bell 1971; Fukushima
tsuoka 1984; Tatsuoka et al. 1986; Maeda and Miura
he test results showed a dilatant deformation behavior
angle of internal friction increased markedly as the con-

ressure was reduced. The test results covering a wide
f pressures led to a similar conclusion~Lee and Seed
erdugo and Ishihara 1996!.
her significant property of sand is related to the densifi-
nd hardening behavior under repeated loadings~Silver

and Seed 1971; Luong 1980; Pradhan 1989!. This behavior influ-
ences the permanent deformation and damping of soil structures
under dynamic and cyclic loadings. Following an increase in the
number of cycles of loading, in sand, the stiffness increases while
the damping reduces, thus affecting the dynamic response of the
soil structures. Attempts have also been made to incorporate this
effect into sand models~Cuellar et al. 1977; Boyce 1980; Bouck-
ovalas et al. 1986; Dobry and Petrakis 1990!.

Traditionally, soil constitutive models have been developed
separately for clay and sand. Classical plasticity, kinematic hard-
ening plasticity, and bounding surface plasticity have been uti-
lized to simulate sand behavior. In these theories, the yield sur-
face and plastic potential are defined explicitly. In better
simulating the soil behavior, complicated yield surfaces and plas-
tic potentials as well as hardening rules were proposed~e.g., Pre-
vost 1978; Vermeer 1978; Nova and Wood 1979; Lade and Kim
1988; Bardet 1986; Dafalias 1986; Tatsuoka et al. 1993; Wan and
Guo 1998; Li et al. 1999!. The critical state concept has been
used in an attempt to unify the models for sands covering a wide
range of densities through the state parameter~e.g., Been and
Jefferies 1985; Wang et al. 1990; Jefferies 1993; Crouch et al.
1994; Manzari and Dafalias 1997!. Recently, unified models for
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d clay have also been proposed~e.g., Crouch and Wolf
estana and Whittle 1999!, but they are relatively compli-
specially the Crouch–Wolf model which requires a large
of 25 parameters. Some of these advanced models were
ful for monotonic loading conditions.
of the models that is simple and yet demonstrating con-
e success in modeling the cyclic behavior of sand under
ake loading, including liquefaction and cyclic mobility, is
eralized plasticity model. This theory was introduced and
to geomaterials by Mroz and Zienkiewicz~1984! and
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imulation of stress–strain relationships for drained triaxial
ing Pastor–Zienkiewicz–Chan model Fig.

Zienk
icz and Mroz~1984!, and was later extended by Zienk-
t al.~1985! and Pastor et al.~1985, 1986, 1990!. In the In the g
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eneralized plasticity model, the total strain increment is
into elastic and plastic components

d«5d«e1d«p (1)

«, d«e, andd«p5total, elastic, and plastic strain incre-
respectively.
near elasticity and theory of generalized plasticity are
determine the relationships between incremental stresses

ains. The incremental stress–strain relationship is ex-
as

ds5Dep:d« (2)

s and Dep5incremental stress tensor and elastoplastic
tensor, respectively. Effective stresses are considered

out this paper.
elastoplastic stiffness tensor is given as~Mroz and Zien-
1984!

Dep5De2
De:ngL/U :nT:De

HL/U1nT:De:ngL/U
(3)

e, n, ngL/U , and HL/U5elastic stiffness tensor, loading
vector, flow direction vector under loading or unloading

ns, and loading or unloading plastic modulus, respec-

Behavior

stic behavior is defined by the shear and bulk moduli
d Kmax), both dependent on the stress level. In the for-
of the base model, the elastic shear modulus is ex-

asGmax5G0(p8/pa), where G05shear modulus number
mean effective stress, which is normalized by the atmo-
pressurepa . The expression of Hardin and Richart~1963!
ed whereGmax is related to normalized mean stress with
nent equal to 0.5

Gmax5G0~p8/pa!0.5 (4)

Simulation of drained cyclic loading test using Pastor–
icz–Chan model
ized plasticity theory, the yield surface and plastic poten-
not explicitly defined. Instead, direction vectors are used.
propriate laws for the direction of plastic flow, loading–
g directions and plastic moduli, salient behavior of soil

described. Thus, generalized plasticity allows a less com-
simulation of experimental results for different loading

ns.
or–Zienkiewicz–Chan model~Pastor et al. 1990!, hereaf-

n as base model, exhibited several serious limitations in
ng pressure dependency and densification behavior of
der cyclic loading. Fig. 1 shows the stress–strain response
se sand under drained triaxial compression. The param-

r the dense sand were calibrated by Pastor et al.~1990! for
ing stress of 207 kPa, but the model gives the same

strain response for all confining pressures. Fig. 2 shows
lts of a loose sand using the parameters given by Pastor
nkiewicz~1986!. The base model does not simulate the
ng behavior of sand under cyclic loading, since the stiff-
d damping do not change with the cycles of loading.
ntly, several modifications to the generalized plasticity
ave been proposed~Pastor et al. 1993; Sassa and Sekigu-
1!. In Pastor et al.~1993!, anisotropy was considered,
s in Sassa and Sekiguchi~2001!, the effects of principle
otation were included. But these different versions of sand
till lack the capability to simulate the stress-dependent
sification behavior. In Pastor et al.~1993!, densification
sidered but the hardening effect was not simulated satis-

. Bahda et al.~1997! developed a slightly different ver-
generalized plasticity model using a new state parameter
ble hardening rules.

is paper, based on the work of Pastor et al.~1990!, the
ized plasticity model was extended to include pressure de-
cy and densification behavior of sand under monotonic
lic loadings. The predictive capability of the proposed
as examined by comparing the simulations of loose and
ands with the triaxial test results under both drained and
ed conditions.
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Note that G0 is a function of initial void ratio~e.g., Ishihara
1996!.

The Poisson’s ratio is assumed constant for different mean
stresses

whereK
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so that the bulk modulus is expressed as

Kmax5K0~p8/pa!0.5 (5)

05bulk modulus number.
pressure dependency of moduli on power law may be
rvative and is a violation of the principle of thermody-
Zytynski et al. 1978; Boyce 1980!, which requires that
modulus also depends on the shear modulus. Since the

ental link between the bulk and shear moduli is weak and
may not be isotropic, Eqs.~4! and~5! are adopted solely
n an experimental standpoint. Note that the moduli have
en modified to satisfy the principle of thermodynamics
oyce 1980; Houlsby 1985; Hueckel et al. 1992; Pestana
ittle 1999!.
improvements related to the plastic behavior of general-
sticity model are described as follows.

Dilatancy

stress-dilatancy relationships have been proposed for
.g., Rowe 1962; Nova and Wood, 1979; Bolton 1986!.
erence to the rule of Nova and Wood~1979!, Pastor et al.
dopted the following generalized expression for mono-
ding of sand:

dg5
d«n

p

d«s
p 5~11a!~Mg2h! (6)

«n
p and d«s

p5 incremental plastic volumetric and devia-
ains, respectively.Mg5slope of the critical state line on
lane,h5q/p85stress ratio, anda5model parameter.
s related to the angle of internal friction at the critical
n and Lode’s angleu

Mg5
6 sinfcn

32sinfcn sin 3u
(7)

s independent of confining stress buth varies with the
e level~sinceq andp8 do not change in the same ratio for
ortional shearing!, thus the dilatancy characteristics of
der different mean effective stresses can be described
Eq.~6!. Eq. ~6! shows that dilatancy is zero ath5Mg ,

epresents the characteristic state line or line of phase
mation~Tatsuoka 1972; Ishihara 1996!. The line of phase
mation determines if the volumetric deformation behavior
ome contractive or dilative, and thus the generation of
pore pressure. This is a simplification with the merit of
the number of parameters low, although experimentally
of phase transformation, which may also depend on the

ess path, is slightly different from that of the critical state
sen 1999!.

Flow

stic flow direction under loadingngL is given in the tri-
ace as

ngL5S dg

A11dg
2

,
1

A11dg
2D T

(8)
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n5S df

A11df
2

,
1

A11df
2D T

(9)

f5(11a)(M f2h) andM f is independent of the confin-
s but dependent on the Lode angle@similar expression to

q. ~7!#. Thus,df varies with the mean effective stress for
in levels.

Modulus for Loading, Unloading, and
ing

stic modulus under monotonic loadingHL is modified by,
luding a power term containing normalized mean effec-
ss

HL5H0~p8/pa!0.5H f$Hv1Hs% (10)

Ho5plastic modulus number; andH f , Hv , and
tic coefficients.

plastic coefficientsH f and Hv are related to the failure
se transformation lines. They show a decrease in value
increase in the shear stress ratio

H f5S 12
h

h f
D 4

(11)

h f5S 11
1

a D M f (12)

Hv512
h

Mg
(13)

f5stress ratio parameter.
e base model, the plastic coefficientHs is expressed as

1 exp(2b0j), wherej5* ud«s
pu is the accumulative plas-

toric strain. In the proposed model, the following expres-
sed:

Hs5b1 exp

KsS p8
pa

21D
b•j

(14)

e exponential term containingks is introduced to account
pressure-dependent behavior of the strain level at peak
.b1 is a function of mean effective stressp8 and stress

b15b10

hp /Mg21

hp0 /Mg21
(15)

p05peak value of stress ratio (hp) at reference stress,
taken atpa . For isotropic compression test, the stress
0.0, thusb1 remains constant. For very loose sand, at

engthh5Mg andb15b10. For medium and dense sands,
k strength is determined using the peak angle of internal

through the well-known expression following Duncan
80!, who useds3 instead ofp8

f5f02Df log10~p8/pa! (16)

05peak angle of internal friction at atmospheric pressure
change of angle for a 10-fold increase in the pressure.

b1 depends on the confining pressure, the peak strength
depends on the stress level. Thus, by allowing the load-
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Table 1. Material Parameters for Different Kinds of Sand

Toyoura Sacramento Riverc Fountainebleaud Fuji Rivere

e (Dr)

fp0 ~°!
Df ~°!
Mg

M f

G0 /pa

K0 /pa

ks

b10

b0

a

H0 /pa

Hu0 /pa

r

r u

r d
aFukushi
bVerdugo
cLee and
dLuong ~1
eTatsuok

854 / JOU
tic modulus to depend onp8 and by introducingks , to-
ith the dilatancy relationships, the stress–strain behavior

under different stress levels is simulated. The coefficients
preserve their roles like the base model~Pastor et al.
hat is, for dense sand,Hv and Hs start to reduce as

g is initiated.Hv reaches zero when the critical state line is
~i.e., Hv1Hs50), and subsequently becomes negative.
ately after the peak is reached,Hs reduces butHv does

Hs,0,HL,0). Hs approaches zero at the critical state
n further shearing.
test results by Pradhan~1989! showed that the stress-
y relationships under cyclic loading can also be expressed
n expression similar to Eq.~6!

dg5~11a!~Mg82h! (17)

in loading but in unloading, it is expressed as

Mg85
6 sinfcv

31sinfcv sin 3u
(18)

unloading, the soil has been densified so that the plastic
ection follows the following expression~similar to the
formulation!:

ngU5S 2absS dg

A11dg
2D ,

1

A11dg
2D T

(19)

pressure-dependent term and a termHden are introduced
unloading plastic modulus to consider densification and

ng behavior in the proposed model

Hu5Hu0~p8/pa!0.5S Mg

h D r u

Hden for UMg

h U.1

5Hu0~p8/pa!0.5Hden for UMg

h U<1 (20)

Hden5exp~2r d«v0
p ! (21)

wherer u5constant; and«v0
p 5plastic volumetric strain at the in-

stant of unloading or reloading, and it is either compressive or
zero.

The reloading plastic modulusHL is modified to account for
the mean effective stress and past stress history

HL5H0~p8/pa!0.5H f$Hv1Hs%HDMHden (22)

where a stress memory factorHDM is introduced to account for
the history of past events. Three normalized deviatoric stress ten-
sors are used to defineHDM : si j

u , si j
1 , andsi j

2 5normalized devia-
toric stress tensor at the last unloading, at the starting point of
reloading, and at the second point of reloading, respectively

si j
u 5ei j

u /~pu8Mgu! (23)

si j
1 5ei j

1 /~p18Mg1! (24)

si j
2 5ei j

2 /~p28Mg2! (25)

where ei j
u 5deviatoric stress tensor at the last unloading;

pu85corresponding mean effective stress; andMgu5Mg at that
stress point. The superscripts and subscripts 1 and 2 state the
quantities at the point of reloading and second point of reloading,
respectively.

Two variabless1 ands2 are defined from above stress tensors
leading toHDM

s15usi j
1 2si j

u u (26)

s25usi j
2 2si j

u u

HDM51.0 when s1.s2

5
1

~11s1!r when s1<s2 (27)

wherer5coefficient for the stress memory factor.

Very densea

0.67 ~82.5%!
Denseb

0.735~63.7%!
Medium looseb

0.833~37.9 %!
Very looseb

0.907~18.5%!
Dense

0.61 ~100%!
Loose

0.87 ~38%!
Dense

0.633~65%!
Loose

0.737~—!

43.7 40.4 35.0 33.5 44.4 35.9 41.0 37.0
4.9 6.0 3.1 2.5 6.0 2.4 2.0 1.0
1.25 1.25 1.25 1.25 1.3 1.3 1.2 1.2
0.688 0.87 0.54 0.466 0.736 0.55 0.8 0.55
9,400 3,600 2,900 2,100 10,600 4,100 28,900 1,800

9,700 4,200 2,900 2,500 12,400 5,000 21,700 1,100

0.015 0.0 0.0 0.0 0.016 0.042 0.03 0.01
1.0 2.1 3.2 15.0 0.6 0.5 0.7 3.1
15 10.0 20.0 40.0 8 7 5 11.0
0.5 0.45 0.45 0.45 0.45 0.45 0.45 0.45

50,000 15,000 18,000 4,000 100,000 30,000 10,000 2,620

40,000 20,000 7,000 2,830

3.0 5.0 1.0 0.1

1.0 0.0 0.0 5

3,000.0 10.0 180.0 22.0

ma and Tatsuoka~1984!.

and Ishihara~1996!.

Seed~1967!.

980!.

a~1972!.
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ter Identification and Model Evaluation

f 15 parameters are needed to express proposed model
ring cyclic loading. For the monotonic loading test, the
mber is reduced to 11~see Table 1!. To identify the pa-
s, three drained or undrained triaxial tests having the same
ensity are recommended. Two of the tests should be
nic and having different initial confining pressures, and
r test should be conducted under cyclic loading. The dif-
in the confining pressure of the two monotonic tests

be large enough to cover the range of stress levels of
For advanced soil models that are different from simplis-

els, which rely on a few conventional parameters, the
on process becomes extremely important. A brief descrip-
alibration procedure is given below.
etermination ofG0 , K0 , f0 , Df, andMg is straightfor-

0 is obtained from the stress–strain curve or from elastic
ropagation tests in the field or laboratory, such as the
test. Triaxial tests with small strain measurement may also

to quantify the elastic shear modulus. The empirical re-
ips similar to that of Hardin and Richard~1963! and Ishi-

rained triaxial compression tests on Toyoura sand:~a! very
! medium loose~experimental results after Fukushima and

1984!
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96! may also be used to estimate the elastic modulus.K0

obtained from isotropic compression test or by matching

slope
fitting
matc
test,
stres
test,

To
simu
kinds
~Fuk
hara
taine
1972
were
very
50.8
rame
mari
by th

rained triaxial compression tests on Sacramento River sand:
e,~b! loose~experimental results after Lee and Seed 1967!

Fig.
~expe
oto

und
19

par
0.83
nin
s–
ce

ract
e o
pre

of th
r m
dev
to t
al s
~1
res
the first unloading stress–strain curve;r u is obtained by
e first unloading stress–strain curve; is determined by
g the reloading curve in the cyclic test. For drained cyclic
s obtained by matching both the hysteretic loops in the
strain curve andq2«v curve. For undrained cyclic loading
an be determined by fitting the results with the stress path.
sess the predictive capability of the proposed model, the

on is compared with the published results of different
f sand under different initial densities: Toyoura sand
ima and Tatsuoka 1984; Pradhan 1989; Verdugo and Ishi-
96!, Sacramento River sand~Lee and Seed 1967!, Foun-
u sand~Luong 1980!, and Fuji River sand~Tatsuoka
he densities of Toyoura sand used by these researchers
er a wide range of values, thus was conveniently called
nse (e50.67), dense (e50.735), medium loose (e
), loose (e50.833) and very loose (e50.907). The pa-
s used for different types of tests are calibrated and sum-
in Table 1. Note that several parameters were normalized
tmospheric pressure to be dimensionless.

nic Loading, Undrained Conditions

rained triaxial tests of Toyoura sand~Verdugo and Ishi-
96! at three different relative densities were simulated and
ed in Figs. 3~a–c!: dense (e50.735,Dr563.7%); loose
3,Dr537.9%); very loose (e50.907,Dr518.5%). The

g pressure varied from 100 to 3,000 kPa. The deviatoric
strain relationships and stress paths are compared. The dif-
in response between the loose and dense states, i.e., from
ive to dilative behavior, was well described over this wide
f confining pressures. Note the slight deviation of excess
ssure around the phase transformation line in the simula-
e dense and medium loose Toyoura sand that resulted in

ean effective stress compared to the experimental results.
iation, which is larger for higher confining pressure, was

he assumption that the angles of phase transformation and
tate are the same. Also, as indicated by Lade and Yama-

996!, critical states are difficult to achieve as the confin-
sure increases due to particle crushing.

Undrained cyclic loading test on loose Toyoura sand
ental results after Pradhan 1989!
al slope of«1 or «v versusp8 curve. The two elastic
ters, however, do not affect the response significantly. The
0 andDf can be obtained from Eq.~16! using the results

o monotonic tests, which are conducted using different
g pressures~drained tests! or by fitting the stress–strain
ndrained tests!. Mg is equal to the stress ratioq/p8 at the
tate of the monotonic triaxial tests.

an be determined by fitting the results of the stress paths
sp8) in undrained tests or«v versus«1 curve in the
tests. The ratioM f /Mg is larger for dense sand compared
sand. The terma is obtained from the slope of the stress

rsus dilatancy curve. Its value is usually around 0.45;ks is
d from the two monotonic tests and the value is small for
sand.H0 is determined by fitting both the monotonic
strain curve and the«v versus«1 curve for drained tests or
q stress path for undrained tests.b0 and b10 are deter-
y matching the stress–strain curves. An example of para-
tudy is given at the end of the paper.
e are four additional parameters for describing the cyclic
r.Hu0 is determined by fitting the results with the initial
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ive behavior of sand with an increase in the confining
e. The model was also able to reproduce the dilative be-
t low confining pressure and the saturation of dilation as
fining pressure became large. The agreement between the
ons and test results for the two types of sand under dif-
ensities was very good.

oading, Undrained Conditions

ability of the proposed model in simulating liquefaction
lic mobility of Toyoura sand~Pradhan 1989! and Fuji
nd~Tatsuoka 1972! are shown in Figs. 6 and 7, respec-
oyoura sand was prepared at a loose state withe
, p8598 kPa and a constant stress amplitude ofq5
a. The void ratio of loose Fuji sand wase50.737. The
monotonic triaxial tests having an average void ratioe
were used to calibrate the basic 11 parameters@Fig. 7~b!#.
at the parameters from the loose state of Verdugo and
~1996! were used to predict the behavior of loose Toy-
nd. Despite the complex behavior under undrained cyclic

ense Fontainebleau sand,~a! Drained cyclic loading test,~b!
-p8 test ~experimental results after Luong 1980!
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drained triaxial tests for Toyoura sand~Fukushima and
a 1984! at the dense (e50.67,Dr582.5%) and medium
50.831,Dr539.2%) states, respectively. The confining
es varied from 50 to 390 kPa for the dense state and 98–

for the medium loose state. Note that the simulation of
loose Toyoura sand was based on the calibration of the

ed tests at the loose state of Verdugo and Ishihara~1996!,
ere of larger pressure levels. The comparisons for Sacra-
River sand~Lee and Seed 1967! at the dense (e
r5100%) and loose (e50.87,Dr538%) states are pre-

in Figs. 5~a and b!, respectively. The confining pressures
the range of 98 to 1,960 kPa for the dense state and to

Pa for the loose state. The simulations are presented for
ess ratio and volumetric strain versus axial strain relation-
der different stress levels. From the stress–strain relation-

nd the dilatancy curves, the proposed model showed the
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es of soil. However, the results of parametric studies here
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Parametric studies on very dense Toyoura sand—drained
st
erimental results when compared to other models reported
terature.

oading, Drained Conditions

arison is made for investigating the predictive capability
odel in simulating densification and hardening behavior
under cyclic loading. The model was used to simulate the
r of a constant-p8 triaxial test (p85200 kPa) of dense
nebleau sand (e50.633,Dr 565%) as reported by Luong
The results obtained from a conventional triaxial test of
nse Toyoura sand (e50.645,p8525 kPa, withq/p8 vary-
een 1.4 and20.87; Pradhan 1989!, were also compared.

notonic drained triaxial test was used to calibrate the first
meters for Fountaineblaeu sand@Fig. 8~b!#, whereas that
ura sand were based on Fukushima and Tatsuoka~1984!.
! and 9 show the comparison of simulated and experi-
results for cyclic test of Fountainebleau and Toyoura
respectively. The model was able to simulate the cyclic
ng behavior of the sands reasonably well.

ity of Parameters

of parametric studies was conducted on Toyoura sand
nse,e50.67, p8598 kPa, to investigate the effects of

arameters on the response. Since the effect of elastic
numbersG0 andK0 is not significant in static and cyclic
, only the effects of nine other monotonic related param-

e compiled and shown in Fig. 10. The response was plot-
the standard values of Table 1~highlighted in dark! and
er values, one higher and the other lower than standard
r each parameter. It can be seen that with the range of
values, some parameters affect the strength~such asf0 ,

0 ,M f), whereas other parameters affect dilation~such as
f ,M g), shape of the curve before and after the peak
, etc. Fig. 10 facilitates selection of parameters by varying
e in getting the desired response during calibration of
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ry and Conclusions

eralized plasticity model for soil has been modified to
r pressure-level dependency. The capability of simulation
ified with the test results obtained from undrained and
monotonic loading tests under different initial densities.
sification behavior under repeated loading has also been
ated into the model and verified with the drained cyclic
tests. The result of comparison was satisfactory, espe-
nsidering the case of Toyoura sand where the same set of
ters was used to predict the results of drained, undrained,
lic loading tests as reported by different researchers.
model has to be calibrated with sand having an initial
of interest. Other effects, such as anisotropy and overcon-
n, are not considered. Comparison of the results having
aths other than triaxial should also be conducted. The

ity of using a state parameter to unify the behavior of sand
ifferent initial densities should be attempted. Further work
n conducted to implement the model for the analysis of
trolled model tests~Ling et al. 2003!.
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owing symbols are used in this paper:
Dr 5 relative density;

,Dep 5 elastic stiffness tensor, elastoplastic stiffness
tensor;

f ,dg 5 parameter related to loading direction
vector, dilatancy;

d«p 5 incremental strain tensor, elastic strain
increment, plastic strain increment;

d«v
p 5 incremental plastic deviatoric and

volumetric strains;
ds 5 incremental stress tensor;

e 5 initial void ratio;

j ,ei j
u 5 deviatoric stress tensor at starting point of

reloading, second point of reloading, at the
last reloading;

Mgu 5 elastic shear modulus, shear modulus
number;

Hden 5 densification coefficient in unloading plastic
modulus;

DM 5 stress memory factor in reloading modulus;
,Hs 5 plastic coefficients;
H0 5 plastic modulus number;

L ,HU

5 loading or unloading, loading/reloading,
unloading plastic modulus;

Hu0 5 unloading plastic modulus number;
x,K0 5 bulk modulus, bulk modulus number;

ks 5 parameter related to plastic coefficientHs ;
M f 5 nonassociated flow paremerter slope of

failure line in p8-q plane;
,Mgu5 slope of critical state line inp8-q plane,Mg

for cyclic loading,Mg at the stress point of
last unloading;

n 5 loading direction vector;
L ,ngU

5 flow direction vector under loading or
unloading, loading, unloading;

8,pu8 5 mean effective stress, mean effective stress
at last unloading;

pa 5 atmospheric pressure;
q 5 deviatoric stress;
r 5 coefficient related toHDM ;

d ,r u 5 parameter and exponent related toHden and
Hu ;

1 ,s2 5 normalized deviatoric stress;

j ,si j
u 5 normalized deviatoric stress tensor at

starting point of reloading, second point of
reloading, at the last unloading;

a 5 parameter related to soil dilatancy;
,b10 5 parameters related to plastic coefficientHs ;
,«3 5 major and minor principal strains;
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,h f 5 stress ratioq/p8, stress ratio parameter;
hp0 5 peak value of stress ratio, peak value of

stress ratio at reference stress;
u 5 Lode’s angle;

,s3 5 major and minor principal stresses;
j 5 accumulative plastic deviatoric strain;

,fp 5 angle of internal friction at critical state, at
peak; and

,Df 5 peak value of angle of internal friction at
atmospheric pressure, change of angle with
10-fold increase in pressure.
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