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Abstract: Based on the critical state concept and with the use of a state parameter, a unified generalized plasticity model is proposed for
sand. The model uses a nonlinear critical state line. The plastic modulus, loading vectors and plastic flow direction vectors of a generalized
plasticity model were modified so that they depend on the state parameter. With a single set of parameters, the model simulates the
stress-deformation behavior of sand of different densities and pressure levels, under both drained and undrained conditions. A total of 12
parameters are required for monotonic loading and additional five parameters are included to consider cycling loading. The model is
calibrated using the results of a minimum of two triaxial compression tests conducted on specimens of different densities and confining
pressures. The model has been validated against the monotonic and cyclic test results of Toyoura sand, Nevada sand, and Fuji River sand.
The comparison between simulations and test results showed that the model is capable of simulating sophisticated sand behavior. Its
limitation in simulating monotonic loading following series of cyclic loadings of dense sand is discussed.

DOI: 10.1061/�ASCE�0733-9399�2006�132:12�1380�

CE Database subject headings: Sand; Plasticity; Parameters; Models.
Introduction

The constitutive modeling of soil has achieved certain degree
of success in the past several decades using different versions
of elastoplastic formulations. The use of critical state concept
has been rather successful for clay and models of different
complexities have been proposed �e.g., Roscoe and Burland 1968;
Schofield and Wroth 1968; Dafalias and Herrmann 1982; Ling
et al. 2002�. The modeling of sand remains a great challenge since
sand behaves differently from clay. For example, it is well known
that loose sand contracts while dense sand dilates under shearing.
The use of critical state concept has not been popular for sand
mainly because it cannot handle the dilatant behavior at the state
dry of critical. In the models based on advanced plasticity, such as
generalized plasticity �Pastor and Zienkiewicz 1986; Pastor et al.
1990�, the same sand has to be treated as different materials de-
pending on their density and pressure level because they behave
differently under different states. As a result, a large number of
soil parameters are required in analyzing the sand of varying den-
sities when subjected to different confining pressures.

Casagrande �1936� proposed the concept of critical density of
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soil. Roscoe et al. �1958� validated this concept, where the critical
void ratio is independent of the stress path and drainage condi-
tions, against experimental results obtained for several types of
sands and clays. The critical state concept is basically identical to
the steady state as of Poulos �1981� where deformation is consid-
ered to continue at constant volume, constant normal effective
stress, constant shear stress, and constant rate of shear strain.
Granta-gravel model �Schofield and Wroth 1968� was developed
based on the critical state concept with a unique line of critical
state in the p-q-e space. By comparing the theory with the experi-
mental results of sands, good agreement was achieved only for
very loose state sheared under drained conditions. Bardet �1986�
developed a bounding surface model for sand based on the critical
state concept. However, in his model, different critical state lines
were assumed for the dense and loose sands. The critical state
concept is further elaborated in the next section.

State parameter and critical state line: Realizing the fact that
sand behavior is dependent on the pressure levels and densities,
Been and Jefferies �1985� proposed a state parameter to account
for these combined effects. The state parameter � gives the dif-
ference between existing and critical state values of void ratio at
a given pressure

� = e − ec �1�

where e�existing void ratio and ec�critical state void ratio. Thus,
loose sand gives a positive value of � whereas for dense sand it is
negative.

There were debates over the uniqueness of critical state line,
such as the effects of stress path �Vaid et al. 1990� and initial void
ratio �Yamamuro and Lade 1998�. Been �1999� reexamined the
test results of Yamamuro and Lade �1998� and indicated that the
concept of critical state can practically be acceptable. However,
different from clay, the critical state line for sands does not seem
to be parallel to the normal compression line. Upon careful stud-
ies, a unique critical state line, which may become nonlinear over
a wide range of pressure, was used. At large pressure, say beyond

1,000 kPa, breaking or crushing of soil grains may become sig-
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nificant �Been et al. 1991�. Although a linear representation of
ec-log p� curve is acceptable for the pressure level encountered in
practice, nonlinearities are considered by a few researchers.

Crouch et al. �1994� introduced a bilinear critical state line. Li
and Wang �1998� suggested a nonlinear version of the critical
state line, which may be expressed as follows:

ec = e� − �cp̄
� �2�

where p= p� / pa�effective stress that is normalized by the atmo-
spheric pressure, e� and �c�intercept and slope of the critical
state line in the e versus p� plane, and ��a constant.

Fig. 1 shows the critical state lines for four types of sands
�Toyoura, Nevada, Fuji River, and Sacramento River� whose
properties have been studied extensively. Three of these sands
are used later to validate proposed constitutive model. The critical
void ratio for Toyoura sand were presented by Verdugo and
Ishihara �1996� and Ishihara �1996�, whereas that of Nevada sand
was from Yamamuro and Lade �1998�, as compiled by Been
�1999�. Note that most of the triaxial test results for Nevada
sand, as presented by Arulmori et al. �1992� for the VELACS
project, did not reach the critical state. Lee and Seed �1967� stud-
ied Sacramento River sand under drained conditions and the re-
sults for Fuji River sand were presented by Tatsuoka �1972� and
Tatsuoka and Ishihara �1974a,b�. Li and Wang �1998� recom-
mended � to be 0.7 based on the results for two types of sand,
including Toyoura sand. As shown in Fig. 1, although the range of
pressure covered in the results of Fuji River sand and Nevada
sand was not as wide as that of Toyoura and Sacramento River
sands, �=0.7 seems valid. Thus, Eq. �2� is conveniently written as

ec = e� − �cp
0.7 �2��

There was a larger scattering of results for Nevada sand com-

Fig. 1. Critical state line of sands
pared to Toyoura sand in fitting the nonlinear critical state line.

JOURNAL
For Fuji River sand and Sacramento River sand, the critical state
lines were not unique under the loose and dense states. It appears
that the different methods of preparation of loose and dense speci-
mens, i.e., pluviation versus vibration and tamping in the case
of Fuji River sand, could have affected the uniqueness of the
critical state line, In fact, the issue of preparation methods has
recently been addressed by Papadimitriou et al. �2005�. In addi-
tion, as the particle size increases, crushing of sand particles are
more likely to occur. Of course, resistance against crushing de-
pends also on the mineral compositions of the sands.

Under the same spirit as the state parameter, Ishihara �1993�
proposed the state index, where the relative initial state of sand is
considered. Instead of using void ratio as a state parameter, Wang
et al. �2002� used pressure as a variable, termed state pressure
index, which is defined as the ratio of current mean pressure to
the mean pressure at the critical state corresponding to current
void ratio. The unified models that are applicable to both sand and
clay have also been proposed �e.g., Crouch et al. 1994; Pestana
and Whittle 1999�.

Several �-based sand models have been proposed in the litera-
ture. Nor-sand �Jefferies 1993� is a strain hardening model appli-
cable to sand of very loose to very dense states. A bounding
surface plasticity model was proposed by Manzari and Dafalias
�1997� that accounted for the effects of pressure and density
through a single set of parameters. Li et al. �1999� incorporated �
into a bounding surface hypoplastic model to account for the sand
behavior under different densities and pressure levels. These pro-
posed models were valid for monotonic and cyclic loadings of
sands under drained and undrained conditions.

In this paper, the concept of critical state was adopted through
a state parameter, based on which the plastic modulus, loading
vectors and plastic flow direction vectors of a generalized plastic-
ity model were modified. The relationships between some of these
quantities and the state parameters have been used successfully
by several researchers in the past, such as Wood et al. �1994�,
Manzari and Dafalias �1997�, Li and Dafalias �2000�, and Wang
et al. �2002�. The proposed unified model was then used for the
simulation of sand behavior under monotonic and cyclic loadings.
The results obtained from simulations and experiments were
compared.

Proposed Model

The generalized plasticity model �Zienkiewicz and Mroz 1984;
Mroz and Zienkiewicz 1984; Pastor et al. 1990� has gained
considerable success in modeling the behavior of sand and soil
structures, especially for cyclic loading. In the formulations, the
yield or plastic potential surface and hardening rule are not speci-
fied directly, but the direction vectors are used. There have been
several improvements made to the generalized plasticity model,
as summarized in Ling and Liu �2003�, to account for the com-
plicated soil behavior that the original models could not handle.
In Ling and Liu �2003�, for example, the model was modified to
consider the effects of pressure level and cyclic strain hardening.
It, however, still suffered from the drawbacks of having to cali-
brate separately the same sand under different densities. That is,
the model required extensive number of parameters for a single
type of soil if variation of density is a concern.

In the generalized plasticity, the stress increment and strain
increment vectors �d� and d�� are related through a elastoplastic

matrix Dep, similar to the classical elastoplasticity
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d� = Depd� �3a�

However, the elastoplastic matrix is expressed as

Dep = De −
DengL/UnTDe

HL/U + nTDengL/U
�3b�

where De , HL/U , n, and ngL/U are the elastic matrix, plastic modu-
lus, loading direction vectors, and plastic flow direction vectors,
respectively. The subscripts L and U indicate loading and unload-
ing, respectively.

Different from classical elastoplasticity, the yield and plastic
potential surfaces are not directly specified in the generalized
plasticity, but two scalar functions for the plastic modulus and
three directions are needed. To incorporate the state parameters
into generalized plasticity, the major plastic constituents of the
model, such as dilatancy, plastic flow direction, and plastic modu-
lus were modified accordingly, as described subsequently.

Elastic Behavior

The elastic matrix comprised of two elastic constants. Typically,
the shear modulus is an empirical relationship considering the
effects of pressure level p� and void ratio e �e.g., Hardin and
Richart 1963; Ishihara 1996�

Gmax = G0

�2.97 − e�2

1 + e
�p �4a�

A similar relationship �Wang et al. 1990� for the bulk modulus is
used

Kmax = K0

�2.97 − e2�
1 + e

�p �4b�

where G0 and K0 are the shear and bulk modulus numbers, re-
spectively. In the model of Pastor et al. �1990�, the shear modulus
and bulk modulus are: Gmax=G0p and Kmax=K0p. In Eq. �4b�, the
Poisson’s ratio is considered a constant when deriving for the
bulk modulus. Note that the energy may not be conserved during
cyclic loading based on above empirical equations for purely elas-
tic materials �see Pestana and Whittle 1999�. However, for elasto-
plastic material, the error can be minimum since the contribution
of elastic behavior is very small with the deformation to be pre-
dominantly plastic. This argument was also made in Ling and Liu
�2003� because the results would be erroneous for cyclic loading
if the material is purely elastic.

Dilatancy

The stress-dilatancy relationship proposed by Nova and Wood
�1979� has been used in the different versions of generalized plas-
ticity model. The dilatancy dg and stress ratio �=q / p� are related
as follows:

dg = �1 + 	��Mg − �� �5a�

where Mg�slope of the critical state line in the p�-q plane and
	�parameter. At the critical state, �=Mg and thus dg equal to
zero.

The model was originally formulated in the triaxial stress
space, but it has then been extended into three-dimensional stress

space by considering the third invariants �Lode’s angle 
� in Mg
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Mg =
6 sin �g�

3 − sin �g� sin 3

�5b�

where �g��angle of internal friction at the critical state.
It is clear that Eq. �5a� is not valid for sand of different den-

sities. For instance, during shearing, dense sand first contracts and
then reaches a state of phase transformation where the volume
change is zero. It then dilates and finally reaches the critical state
with zero volume change. On the other hand, a loose sand con-
tracts and reaches the critical state upon shearing, while the phase
transformation is not observed. Thus, the same stress ratio may
imply dilation for dense sand and contraction for loose sand.

In the dense sand, the phase transformation angle in the p�-q
plane is dependent on the pressure level; the slope at the phase
transformation Md increases with an increase in the pressure level
as observed by Manzari and Dafalias �1997� and Li and Dafalias
�2000�. Manzari and Dafalias �1997� used a linear relationship to
express the dependency of Md on �, whereas Li and Dafalias
�2000� used the exponential relationship: Md=Mg exp�mg��,
where mg�positive constant.

Following Li and Dafalias �2000�, Eq. �5a� is modified in this
study to give dilatancy as

dg = �1 + 	��Md − �� �6a�

Md = Mgexp�mg�� �6b�

where mg�constant. Eq. �6a� satisfies the criteria of critical
state where the volume change equal to zero for �=0 and
�=Md. For an initially dense sand ���0�, the phase transfor-
mation state is reached when �=Mg exp�mg���, where ���value
of � at the phase transformation state. For an initially loose sand
��
0� ,Md=Mg exp�mg��
Mg and thus, the phase transforma-
tion state is never reached during the course of shearing.

Plastic Flow

In generalized plasticity, the plastic flow direction vector ngL and
the loading direction vectors n are expressed as follows:

ngL = � dg

�1 + dg
2
,

1

�1 + dg
2�T

�7a�

n = � df

�1 + df
2
,

1

�1 + df
2�T

�7b�

In the original model, df is a loading direction vector which is
expressed as

df = �1 + 	��Mf − �� �8�

where Mf�constant with the ratio Mf /Mg�relative density. Ling
and Liu �2003� shows that for Toyoura sand, Mf increases with an
increase in the void ratio e. Thus, the following function is
adopted:

df = �1 + 	��Mh − �� �9a�

Mh = Mf exp�mf�1 − e�� �9b�

where Mf and mf�constants. For sand where Mh is insensitive to
the change in void ratio, mf is set as zero such that Eq. �9a�
degenerates to Eq. �8�. For three-dimensional stress conditions,
Mf is extended using a similar function as Eq. �5b�.

It has to be noted that using the loading and unloading direc-

tion vectors, one has the convenience of obtaining a distinction
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between loading and unloading, as well as the definition of neu-
tral loading. Neutral loading, however, implies that one can bring
the stress state from triaxial compression to triaxial extension
without any plastic deformation that is in contradiction to the
experimental results.

Loading Plastic Modulus

In the original model, the loading plastic modulus HL is expressed
as

HL = H0p�Hf�1 −
�

Mg
+ �0�1 exp�− �0��� �10a�

Hf = �1 −
�

� f
�4

�10b�

� f = �1 +
1

	
�Mf �10c�

where H0, �0, and �1 are constants. �=��d�s
p��accumulative

plastic deviatoric strain and Hf�plastic coefficient.
Several modifications are made to the plastic modulus with a

new expression, which is dependent on the square root of effec-
tive stress and the state parameter:

HL = H0
�p̄Hf�Mb − ��/� �11�

where Hf�same function as the original model, and H0 and
Mb�functions of the void ratio and state parameter, respectively

H0 = HL0 exp�m0�1 − e�� �12a�

Mb = Mg exp�− mb�� �12b�

Here, HL0, m0, and mb are constants. When H0 is insensitive to the
initial void ratio, m0�zero. The linear dependence of Mb on �
was proposed by Wood et al. �1994� and has been used by Man-
zari and Dafalias �1997�: Mb=Mg−mg�, whereas Li and Dafalias
�2000� has the same expression as Eq. �12b�.

As can be seen in Eq. �11�, the value of HL depends on the
difference between current stress ratio � and “virtual” peak stress
ratio Mb. HL may be positive �for Mb
�, hardening�, negative
�for Mb��, softening� or zero �for Mb=�, peak or failure�.

Plastic Moduli under Cyclic Loading

The loading plastic modulus is modified to consider cyclic
loading. In addition, the unloading and reloading moduli are
incorporated.

Loading/Reloading Modulus
The test results on sands under drained conditions showed that
significant modulus reduction may occur during the first cycle
of unloading, and thus a factor �r is included in H0. In addition,
sands show densification behavior when subjected to repeated
loading under drained conditions. The densification factor Hden,
which is a function of the total volumetric strain �v, is incorpo-
rated into the modulus. Thus, for undrained conditions where the
total volumetric strain is zero, the densification factor does not
affect the modulus.

Considering above-mentioned effects, the reloading modulus
is now expressed as

�¯
HL = �rHdenH0 pHf�Mb − ��/� �13a�

JOURNAL
Hden = exp�− rden�v� �13b�

�r = �1 +
1

	
+

�

Mg
�−�

�13c�

where Hden�densification factor; �r�modulus degradation factor;
rden and ��constants.

When the stress states reach the phase transformation line, the
plastic modulus decreases rapidly such that the state parameter
alone is inadequate for simulating the cyclic behavior. In order to
consider cyclic behavior such as liquefaction and cyclic mobility
of loose and dense sands, respectively, a function of plastic de-
viatoric strain is included in Mb to account for possible modulus
degradation

Mb = Mg exp�mc�� �14a�

mc = mg − �mg + mb�exp�− ��� �14b�

where ��positive parameter and ��accumulated plastic devia-
toric strain.

mc changes from −mb to mg as � changes from zero to infinity.
That is, as � increases, HL will approach zero when �=Md �i.e.,
dg=0� at the phase transformation line. Different from monotonic
loading, � may not approach zero under undrained cyclic loading,
and that is why Mb is expressed in such a way that not only dg but
also HL will approach zero when �=Md. In fact, the expression
mc allows the model to recalculate � from a new origin of values
during at any stage of loading, similar to if one has continued to
use the first origin of values for �. The use of �, however, may
have a negative effect in simulating monotonic loading following
a series of cyclic loadings, as discussed under the section: Limi-
tations of model.

Unloading Modulus
The unloading plastic modulus HU of the original model is used,
but a new control factor of unloading is introduced. The factor is
based on the ratio �Md /�U� instead of �Mg /�U� as in the original
model since the critical state line is dependent on the state param-
eter. The densification factor of Eq. �13b� is also introduced into
the modulus

HU = HdenHU0
�p̄�Mg

�U
�mU

for �Md/�U� 
 1 �15a�

HU = HdenHU0 for �Md/�U� � 1 �15b�

where HU0 and mU�parameters and �U�stress ratio for unload-
ing to take place. The control factor allows unloading modulus to
be HU0 if loading starts at a point of dilative behavior �dg�0� or
at the phase transformation state �dg=0�.

The plastic strain develops during unloading, but of contrac-
tive nature. Thus the flow direction vector under unloading is
expressed as

ngU = �− abs� dg

�1 + dg
2�,

1

�1 + dg
2�T

�16�

Calibration of Model

The proposed model requires a total number of 12 parameters for
monotonic loading and 17 parameters when cyclic loading is con-

sidered. They are the elastic parameters �G0 ,K0�, and parameters
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related to the critical state line �eT ,�c�, dilatancy �	 ,Mg ,mg�,
plastic flow �Mf ,mf�, loading modulus �m0 ,HL0 ,mb�, unloading
modulus �HU0

,mU�, and unloading/reloading modulus �� ,rden ,��.
This number of parameters seems required for advanced models,
such as Li et al. �1999�, that consider salient features of soil
behavior including cyclic loading. Most parameters have definite
physical meaning although a few of them, mainly the cyclic pa-
rameters, are obtained by best fitting the experimental results. The
exponents mg ,mf ,mb may be assumed as zero in certain cases.
For this model, drained or undrained tests of different densities
and pressures �a minimum of two� are required to determine the
monotonic parameters. To include cyclic behavior, a cyclic load-
ing test is required. Note that although step by step procedures are
described in determining the parameters, optimization scheme

Fig. 2. Comparison of Toyoura sand under undrained m
�Mattsson et al. 2001; Yang and Elgamal 2003� may be used.
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The two parameters of the critical state line eT and �c, are
obtained from ec-log p� relationship or through a linear curve be-
tween ec and �p� / pa�0.7 �Fig. 1�. A minimum of two tests having
different initial densities that cover the range of void ratio of
interest are required. The specimens are sheared at either drained
or undrained conditions up to the critical state.

The determination of elastic parameters is straight forward. G0

and K0 define the elastic behavior of sand. G0 is obtained from the
stress-strain curve or from the elastic wave propagation tests in
the field or laboratory, such as the bender test. Triaxial tests with
small strain measurement may also be used to quantify the elastic
shear modulus �e.g., Tatsuoka and Shibuya 1991�. K0 can be ob-
tained from isotropic compression test or by matching the initial
slope of �1 versus p� or �v versus p� curve.

ic loading: �a� e=0.907; �b� e=0.833; and �c� e=0.735
onoton
The parameter mg can be determined from either drained or

006



undrained tests by evaluating Eq. �6b� at a phase transformation
state, at which dg=0. Hence,

mg =
1

�d
ln

Md

Mg
�17�

where Md and �d�values of � and � at the phase transformation
state. Also, the parameter mg can be obtained by directly match-
ing the phase transformation point for drained or undrained tests.
Typical range of value of mg is from 0.5 to 3.

The parameter mb can be obtained from Eq. �12b� at a drained

Fig. 3. Comparison of Toyoura sand under drained monotonic
loading: �a� p�=100 kPa; �b� p�=500 kPa
peak stress ratio, at which HL=0. Hence,

JOURNAL
mb =
1

�b
ln

Mg

Mb
�18�

where Mb and �b�values of � and � at the drained peak stress
state. Also, the parameter mb can be determined by directly
matching the ratio of peak stress to residual stress in the strain-
stress curve for drained tests. Typical range of value of m0 is from
0.5 to 3.

For the parameter 	, ignoring the small elastic deformations in
the drained tests, dg is obtained from Eq. �6�

d�v

d�q
�

d�v
p

d�q
p = dg = �1 + 	�	Mg exp�mg�� − �
 �19�

So, the parameter 	 can be calibrated using the �v–�q curves. It is
typically set as 0.45 �e.g., Pastor et al. 1990; Ling and Liu 2003�.

In determining Mf , mf, HL0, and m0, it is more convenient
to look at the values Mh=Mf exp�mf�1−e��—Eq. �9b� and
H0=HL0 exp�m0�1−e��—Eq. �12a� as two combined entities
through the two drained or undrained tests conducted at different
initial densities. Mh can be determined by matching the shape of
the monotonic stress-strain curve in the undrained tests or �v ver-
sus �1 curve in the drained tests, whereas H0 can be determined
by fitting both the monotonic stress-strain curve and �v versus �1

curve for drained tests or the p�-q stress path for undrained tests.
Mh may vary very little with density, in which mf can be set to
zero. After having fitted for one density, Mh is used for the first
trial on the fitting for other value�s� of density. Mf is typically
between 0.2 and 1.3, which is smaller than Mg, and the value of
H0 is comparable with the values of G0 and K0. The looser is the
sand, the smaller the values of Mf and H0 become.

Example of Model Calibration

To illustrate the calibration of 12 parameters for monotonic load-

Table 1. Parameters of Unified Generalized Plasticity Model

Model properties Parameters
Toyoura

sand
Nevada

sand

Fuji
River
sand

Elastic moduli G0 / pa 450 450 210

K0 / pa 450 450 210

Critical slate line eT 0.934 0.843 0.81 �loose�
0.684 �dense�

�c 0.019 0.0287 0.033

Phase transformation line Mg 1.25 1.35 1.49

mg 3.0 1.0 2.5

Plastic flow Mf 0.21 1.2 0.52

mf 6.5 0.0 1.65

Loading modulus HL0 / pa 110 2160 200

mb 6 1.37 3.91

m0 2 1.0 4.0

Constant related to
dilatancy, flow direction,
and loading modulus

	 0.1 0.45 0.45

Unloading modulus HU0 / pa 340 300 288

mU 3.3 3.6 2.0

Reloading modulus � 50 80 11.5

� �1.9 0.0 �1.4

rden 180 8.0 130
ing, the following two triaxial compression tests of Toyoura
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sand of Verdugo and Ishihara �1996� are used: undrained test with
e=0.735 and p�=2000 kPa and drained test with e=0.886 and
p�=500 kPa.

The relationship between the critical state void ratio and
effective stress �Fig. 1� gives ec=0.934−0.019�p� / pa�0.7. Thus,
e�=0.934 and �c=0.019, where pa=100 kPa. The elastic param-
eters G0 and K0 are obtained from the literature as 45,000 kPa.

Referring to Fig. 2�c�, Point A shows the critical state
with p�=3,612 kPa and q=2,880 kPa. So, the slope of line
OA gives Mg=2,880/3,612=1.25. Point B indicates the
phase transformation �p�=1,600 kPa, q=1,635 kPa�. So,
the stress ratio at phase transformation Md=1,635/1,600
=1.022, and the corresponding state parameter �d=0.735
− �0.934−0.019�1,600/100��0.7��=−0.0669. From Eq. �17�,

mg =
1

�d
ln

Md

Mg
=

1

�− 0.0669�
ln�1.022

1.25
� = 3.0

Then, set 	 as 0.45 �a typical value�, n in the range of 0.5–3.0,
Mf in the range of 0.3 to Mg=1.25, and H0 to be comparable
with G0 or K0, in order to have the first trial on the experi-
mental results. Based on the calibration procedure as mentioned
earlier, through trial and error, the following values of parameters
are obtained: m0=2.0, 	=0.1, Mh=0.72, and H0=3.4�104

for the first test �see Fig. 2�c��. For the second test, Mh=1.2 and
4

Fig. 4. Comparison of Toyoura sand under cyclic loading: �a�
drained; �b� undrained
H0=5.4�10 �Fig. 3�b��. After substituting the values of Mh and
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corresponding e into Mh=Mf exp�mf�1−e��, Mf and m0 were
determined by solving simultaneously a set of linear equations.
Similarly, HL0 and m0 were determined by substituting the values
of H0 and corresponding e into H0=HL0 exp�m0�1−e��. The
parameters were obtained as Mf =0.21,mf =6.5,HL0=1.1�104,
and m0=6.0.

There are five additional parameters required to describe the
cyclic behavior. Hu0 is determined by simulating the initial slope
of the first unloading curve; mu is determined from the rate of
change of the slope of the first unloading curve or through the
number of cycles in cyclic test. An increased value of Hu0 and mu

leads to a stiffer response and thus more loading cycles for the
stress path to reach the phase transformation line. � is determined
from the slope of the first reloading curve or through the number
of cycles in the cyclic test. An increased value leads to a softer
reloading curve. � is obtained from the hysteretic loops in the
stress-strain curve. It has a significant effect on the stress-strain
response after the stress path reaches the phase transformation
line, but not before reaching the line. An increased value in �
resulted in rapid modulus degradation. Experimental results for
calibration should include appropriate stress amplitude if degra-
dation is to be accounted for. rden is determined by simulating the
hysteretic loops in the stress-strain curve under drained cyclic
loading. An increased value of which resulted in a more pro-
nounced cyclic hardening. The parameters for Toyoura sand are
summarized in Table 1.

The effects of model parameters on the stress-strain response
are studied in Yang �2005�.

Model Validation

The results from three types of sand are used to validate the
model: Toyoura sand, whose calibration procedure has been illus-
trated earlier, Nevada sand, and Fuji River sand. Toyoura sand has
been studied extensively by different researchers in Japan. Here,
the series of triaxial compression test results from Verdugo and
Ishihara �1996�� and Pradhan �1989�� are used for the calibration
and validation of the model under monotonic and cyclic loadings.
The results of Verdugo and Ishihara �1996� cover a wide range of
pressure and void ratios. Nevada sand was used in the VELACS
project and the results of Arulmori et al. �1992� and Yamamuro
and Lade �1998� are used for calibration of the model. Fuji River
sand �Tatsuoka 1972� has been used in validating many cyclic
models in the literature. The parameters used for the model are
summarized in Table 1 for the three types of sand.

Toyoura Sand

Two series of drained and three series of undrained triaxial com-
pression tests were conducted by Verdugo and Ishihara �1996�.
The specimens were prepared using moist placement method. In
the drained tests, two different confining pressures of 100 and
500 kPa were used for the specimens having three different void
ratios, ranging from 0.81 to 0.996.

The procedures used to determine the 12 monotonic param-
eters were illustrated earlier. Figs. 2�a and b� show the results of
simulation compared with the experimental results in terms of the
stress ratio versus axial strain �q / p0�–�1� and stress ratio versus
void ratio �q / p0�–e� relationships. In both cases, the simulations
show that the stress-strain relationships converged to a critical
state value. The overall soil behavior is well expressed by the

model.
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The undrained tests were conducted at a confining pressure
ranging from p=100 to 3,000 kPa at three different void ratios
�e=0.735,0.833, and 0.907� that corresponded to a relative
density of 16, 38, and 64%, respectively. Figs. 3�a–c�, show the
results of simulation compared with the test results in terms of
deviator stress versus axial strain �q–�1� relationships and the
effective stress path �q–p��. It is seen that the strain hardening and
softening behavior, together with the critical state, are well de-
picted in the simulations.

The additional five parameters relevant for cyclic loading were
calibrated from the cyclic test results of Pradhan �1989�. The
results of calibration/simulation for the drained �e=0.865,
p�=98 kPa� and undrained tests �e=0.798, p�=98 kPa, stress am-

Fig. 5. Comparison of Nevada sand under monotonic loading: �
plitude q= ±25 kPa� are shown in Figs. 4�a and b�, respectively.
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Note, however that the Toyoura sand used by Pradhan �1989� was
of a different batch from Verdugo and Ishihara �1996�, thus the
index properties were slightly different. Despite the slight differ-
ence in properties, the results showed that the cyclic behavior,
especially the cyclic hardening, was simulated by the model. As
the stress amplitude is large, the reduction in modulus following
the first reloading, compared to first loading, is simulated. The
model was also able to simulate the cyclic behavior under un-
drained loading until onset of liquefaction.

Nevada Sand

The triaxial test results of Arulmori et al. �1992� were used

ined e=0.72; �b� drained e=0.65; and �c� undrained p�=80 kPa
a� dra
for calibration and the results of simulation were compared. The
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Nevada test specimens were prepared by dry pluviation method.
Note that the critical state parameters were based on Yamamuro
and Lade �1998� as shown in Fig. 1 since the tests of Arulmori
et al. �1992� did not reach the critical state.

The calibration was conducted based on the two series of
drained p�-constant tests for relative densities of 40% �e=0.72�
and 60% �e=0.65� at a constant effective stress of p�=40
and 160 kPa �Figs. 5�a and b��. p�-constant series of tests were
selected because they were conducted for both drained and un-
drained conditions, but not the conventional triaxial compression
tests. The calibrated model was used to predict the behavior of
undrained triaxial compression tests for the two relative densities
at p�=80 kPa �Fig. 5�c��. In general, the comparison yielded sat-
isfactory results.

Two cyclic triaxial undrained tests were also predicted and
compared. One of the cyclic tests was conducted at e=0.72 and
p�=40 kPa with q=−14.5–22.3 kPa, whereas the other test was
conducted at e=0.65 and p�=80 kPa with q=−22.1–37.1 kPa.
The cyclic tests were load controlled using a sinusoidal wave of
frequency 1 Hz. The comparison for the stress paths yielded sat-
isfactory results. Due to space limitation, only the former is
shown in Fig. 6. However, for the deviator stress–axial strain
relationships, the excessively large axial displacement could not
be predicted well after onset of liquefaction.

Fuji River Sand

The behavior of Fuji River sand has been studied by Tatsuoka
�1972� and Tatsuoka and Ishihara �1974a,b� for different stress
paths and loading conditions, both monotonic and cyclic loadings.
The test results have been used by many researchers in validating
constitutive models �such as Nova 1982; Bardet 1986; Pastor
et al. 1990; Ling and Liu 2003�. Specimens of different densities
and confining pressures were used. In the validation, only the
loose �e=0.80, Dr=51%� and dense �e=0.54, Dr=92%� states
were considered under triaxial compression. The loose specimens
were prepared by pluviation method, whereas the dense speci-
mens were prepared by vibration and tamping.

Similar to Toyoura and Nevada sand, the model was first cali-
brated against the drained test results of loose and dense speci-

Fig. 6. Comparison of Nevada sand under undrained cyclic loading:
e=0.72 and p�=40 kPa
mens covering three different confining pressures ranging from 98
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to 294 kPa �Figs. 7�a and b��. Note that as the critical state for the
loose and dense conditions is not unique, which could be due to
the methods of specimen preparation as discussed earlier, two
different critical state parameters were used �Fig. 1�. The other
material parameters are the same for the loose and dense states
that interestingly did not affect significantly the accuracy of simu-
lation under drained and undrained conditions �Figs. 8�a and b��.

The model is then used to simulate drained cyclic loading
behavior. First, the loose specimen is simulated with stress ampli-
tude that increased with cycles of loading. The increase in volu-
metric strain with cycles of loading is described by the model

Fig. 7. Comparison of Fuji River sand under drained monotonic
loading: �a� loose; �b� dense
�Fig. 9�a��. To investigate the cyclic hardening behavior of sand,
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the loose sand is simulated for cycles of loading under constant
stress amplitude. As can be seen in Fig. 9�b�, the model showed a
reduction in the rate of volume change with the loading cycles.

The behavior of Fuji River sand under undrained cyclic load-
ing is simulated for the loose and dense states. At loose state, the
strain controlled tests of constant stress amplitudes were consid-
ered. Fig. 10 shows the results of simulation where the stress
paths of the experimental results and simulation gave reasonable
agreement prior to liquefaction. The stress–strain behavior is less
favorable as the strain level increased. The simulations for stress
controlled test on loose and dense specimens of varying stress

Fig. 8. Comparison of Fuji River sand under undrained monotonic
leading: �a� loose; �b� dense
amplitude are given in Yang �2005�.
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Fig. 9. Comparison of Fuji River sand under drained cyclic loading:
�a� varying stress amplitude; �b� constant stress amplitude
Fig. 10. Comparison of Fuji River sand under undrained cyclic
loading
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Limitations on Cyclic-Monotonic Loading Response

The use of � induces non-reversible effects due to the monotonic
increase in its value. Since there is no way that � will decrease
ever, the effect it has on mc via Eq. �14b� is permanent. Although
mc which changes from −mb to mg will effect the virtual peak
stress ratio Mb in such a way that will be helping to control
the cyclic accumulation of strain in drained tests or pore water
pressure in undrained tests, it may yield unacceptable monotonic
loading response.

Consider a dense specimen �negative ��. According to
Eqs. �14a� and �14b�, with �=0 initially, mc=−mb thus resulting
in Mb
Mg. This implies that if one loads the specimen mono-
tonically in drained loading, the stress–strain curve will show the
characteristic stress ratio rising above Mg toward Mb �the devel-
oping � will not be large enough to have any appreciable effects�,
and subsequent softening toward Mg at critical failure. Assume
now that the previous specimen is submitted to cyclic drained
loading of rather small amplitude. A light consolidation takes
place since the stress ratio will not increase above the phase trans-
formation value of Md to induce dilation, but the deviatoric strain
will keep accumulating even after the density has been stabilized
�see, e.g., Fig. 9�b��. This implies that � will keep increasing and
as a result Eq. �14b� will render mc=mg, while Eq. �14a� will
make Mb=Mg exp�mg��, which with � negative will imply that
Mb�Mg as if the specimen was loose.

Although the use of � shows benefit in the cyclic loading simu-
lation, it may have a undesirable outcome if one submits a cycli-
cally loaded dense specimen to monotonic loading. To illustrate
this negative effect, Fig. 11 shows the comparison of the stress–

Fig. 11. Simulation of stress-strain response of dense Toyoura sand
subjected to previous loading cycles
strain response of the dense Toyoura sand that has not been and
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has been subjected to ten cycles of loading. The results show that
subsequent strength in monotonic loading dropped with previous
loading cycles. Thus, caution should be taken in simulating
monotonic loading following cyclic loading, to ensure that the
previous number of loading cycles was small. The results are
affected by the parameter �. The difference in the deformation
behavior of the two simulations show the accumulated plastic
strain under cyclic loadings.

Summary and Conclusions

A model based on generalized plasticity and critical state concept
has been proposed to describe the pressure dependency of sand
behavior under different initial densities and drainage conditions.
The model was unified over a wide range of densities and con-
fining pressures in the sense that a single set of parameters were
used to simulate the behavior. The model also described the cyclic
loading behavior. By comparing the results of simulation with the
experimental results, it is shown that
• The model simulated the contractive and dilative behavior of

sand under loose and dense states, respectively. It also showed
that the stress state converged to a critical state when sheared
to large strain.

• The effects of pressure on the response of initially loose and
dense sands were well depicted by the model using a single set
of parameters for both drained and undrained shearings.

• The behavior of sand under cyclic loading, that is liquefaction
for undrained conditions and cyclic hardening for drained con-
ditions, was simulated by the model. However, for dense sand,
the simulation of monotonic loading following cyclic loadings
has to be done with care, perhaps limited to the conditions of
small number of loading cycles.
The constitutive model is incorporated into the finite element

procedure for the static and cyclic response analyses of geotech-
nical structures.
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